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ON AXIOMATIC ASPECTS OF N = 2 VERTEX
SUPERALGEBRAS WITH ODD FORMAL VARIABLES, AND
DEFORMATIONS OF N = 1 VERTEX SUPERALGEBRAS
KATRINA BARRON
Abstract. The notion of “N = 2 vertex superalgebra with two odd formal
variables” is presented, the main axiom being a Jacobi identity with odd for-
mal variables in which an N = 2 superconformal shift is incorporated into
the usual Jacobi identity for a vertex superalgebra. It is shown that as a
consequence of these axioms, the N = 2 vertex superalgebra is naturally a
representation of the Lie algebra isomorphic to the three-dimensional algebra
of superderivations with basis consisting of the usual conformal operator and
the two N = 2 superconformal operators. In addition, this superconformal
shift in the Jacobi identity dictates the form of the odd formal variable com-
ponents of the vertex operators, and allows one to easily derive the useful
formulas in the theory. The notion of N = 2 Neveu-Schwarz vertex operator
superalgebra with two odd formal variables is introduced, and consequences
of this notion are derived. Various other formulations of the notion of N = 2
(Neveu-Schwarz) vertex (operator) superalgebra appearing in the mathemat-
ics and physics literature are discussed, and several mistakes in the literature
are noted and corrected. The notion of “N = 2 (Neveu-Schwarz) vertex (op-
erator) superalgebra with one odd formal variable” is formulated. It is shown
that this formulation naturally arises from alternate notions of N = 1 super-
conformality and the continuous deformation of an N = 1 (Neveu-Schwarz)
vertex (operator) superalgebra with one odd formal variable. This notion is
formulated to reflect the underlying N = 1 superanalytic geometry, and it is
shown that the equivalence of the notions of N = 2 (Neveu-Schwarz) vertex
(operator) superalgebra with one and with two odd formal variables reflects
the equivalence of N = 2 superconformal and N = 1 superanalytic geometry.
In particular we prove that the group of formal N = 2 superconformal func-
tions vanishing at zero and invertible in a neighborhood of zero is isomorphic
to a certain subgroup of N = 1 superanalytic functions vanishing at zero and
invertible in a neighborhood of zero.
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1. Introduction and preliminaries
1.1. Introduction. In this paper, we study several equivalent formulations of the
notion of “N = 2 (Neveu-Schwarz) vertex (operator) superalgebra” motivated prin-
cipally by the two different but equivalent supergeometric settings underlying genus-
zero, holomorphic N = 2 superconformal field theory, and continuously deformed
genus-zero, holomorphic N = 1 superconformal field theory, respectively.
(Super)conformal field theory is an attempt at developing a physical theory that
combines all fundamental interactions of particles (cf. [BPZ], [Fd], [FS], [V], [S]).
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In supersymmetric theories, symmetries between the two fundamental types of par-
ticles – bosons and fermions – are assumed. N = n superconformal field theory for
n a nonnegative integer explores the theory of conformal fields if n boson-fermion
symmetries are present (cf. [DPZ], [FMS], [Wa], [Ge]). Algebraically the inter-
actions of superparticles are described by vertex operators or more precisely by
vertex (operator) superalgebras, also called “chiral algebras” in the physics litera-
ture [Borc], [FLM], [KT], [DPZ], [YZ], [LVW], [MuSS], [FFR], [DL]. If the theory is
N = 1 (resp., N = 2) supersymmetric then in particular, the vertex operator super-
algebra is a representation of the Lie superalgebra of infinitesimal superconformal
symmetries which is called the N = 1 (resp., N = 2) Neveu-Schwarz algebra. The
natural geometric setting for such theories is supergeometry in which one (resp.,
two) odd variables are included, [Fd], [D], [B2], [B4], [B7].
There are many notions of “N = 2 vertex (operator) superalgebra” in the lit-
erature (cf. [K2], [A], [Bori1], [HM], [Bori2], [HK], [He]) inspired by the notion in
physics of the algebra of chiral N = 2 superfields. When odd variables are not
included in the definition, these notions are all more or less equivalent. Our formu-
lations of the notions of “N = 2 (Neveu-Schwarz) vertex (operator) superalgebra
with two odd formal variables” is equivalent to or similar in spirit to, some of the
notions found in the literature such as in [HK] and [HM]. However, there are typos
in these works that make some of the formulations mathematically inconsistent and
confusing to a novice reader.
The first part of this paper is devoted to presenting what we feel to be the most
natural formulation of the notion of N = 2 vertex superalgebra with two odd for-
mal variables. We then show how our notion relates to others, and show how our
formulation gives as a consequence the properties that have been troublesome to
formulate in some of the literature. Our notion of N = 2 vertex superalgebra with
two odd formal variables involves the usual notion of vertex superalgebra formu-
lated using the Jacobi identity as in [LL], but extended as follows: first odd variable
components are added to the vertex operators; and second, we require that these
operators satisfy the usual Jacobi identity for vertex superalgebras extended so that
in place of the usual shift in the δ-functions appearing in the Jacobi identity, we
substitute an N = 2 superconformal shift. That is instead of, for instance x1 − x2
appearing, we substitute x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 where x1 and x2 are “even”
(or commuting) formal variables, and ϕ±1 and ϕ
±
2 are “odd” (or anticommuting)
formal variables. In particular, we show that as a consequence of this simple two-
step extension of the usual notion of vertex algebra, then the underlying vector
space is naturally endowed with the structure of a module for a certain subalge-
bra of the orthogonal-symplectic Lie superalgebra, osp(2|2). We show that the
three representative elements for the usual basis elements of this Lie superalgebra,
when bracketed with a vertex operator, act as the conformal derivation and the two
N = 2 superconformal superderivations, respectively. Thus we get as a result of
the definition, the presence of endomorphisms on the underlying vector space that
correspond to the usual conformal operator and the two N = 2 superconformal
operator. This is in contrast to other formulations of the notion of N = 2 vertex
superalgebra that axiomatize the existence of such endomorphisms and axiomatize
certain properties the vertex operators must satisfy in relation to these endomor-
phisms (cf. [HK]). In our formulation, all we are assuming is that the notion of a
shift from one point in superconformal space to another, should be of the form of an
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N = 2 superconformal shift so as to reflect some underlying N = 2 superconformal
geometry. Furthermore, we show the form of the odd variable components of the
vertex operators are completely dictated by this one simple modification of the shift
appearing in the usual Jacobi identity for vertex superalgebras, and we show that
concise formulas for commutators and iterates of vertex operators with odd formal
variables, skew supersymmetry, and commutativity and associativity properties all
follow easily from the Jacobi identity formulation.
In addition, we formulate the notion of N = 2 Neveu-Schwarz vertex operator
superalgebra with two odd formal variables. This is an N = 2 vertex superalgebra
that includes, among other things, a representation of the full N = 2 Neveu-Schwarz
algebra (which is an infinite extension of osp(2|2)) and an associated half-integer
grading. This formulation is in the spirit of [HM] and previous work by the author
in the N = 1 setting [B1], [B2], [B3]. In fact, the Jacobi identity for vertex oper-
ators involving two odd formal variables where the N = 2 superconformal shift is
incorporated in to the δ-functions, was first given in [HM] as a consequence of their
notion of “N = 2 superconformal vertex operator superalgebra”, which is (with a
few minor typos corrected) equivalent to our notion of N = 2 Neveu-Schwarz vertex
operator superalgebra. We give further consequences of this notion, including cer-
tain change of variables formulas related to the grading, as well as commutativity
and associativity properties.
Since there are principally two different basis that are widely used for the algebra
of N = 2 superconformal symmetries, i.e., the N = 2 Neveu-Schwarz algebra, we
formulate many of the notions presented here and the consequences of those notions
in both basis so as to compare the present work to that in the literature. We
continue to use the terminology we introduced in [B7] for the two different basis
– “homogeneous” and “nonhomogeneous” – and explain in Remarks 1.4 and 5.15
some of our reasons for using this terminology.
We summarize the relationships between the notions of N = 2 (Neveu-Schwarz)
vertex (operator) superalgebra we present here and other notions found in the litera-
ture as follows: Our notion of “N = 2 Neveu-Schwarz vertex operator superalgebra
with two odd formal variables in the homogeneous coordinates” is equivalent to
that given in [HM] in the homogeneous coordinates if one interprets their formulas
in the homogeneous basis correctly; however most of the relevant formulas in [HM]
are given in the nonhomogeneous basis and there are a couple of typos involving
incorrect signs in these formulas, as in for instance the formulation of the vertex
operators with odd formal variables, and the vertex operator corresponding to the
N = 2 superconformal element; see Remarks 2.13 and 5.13. The notion of “N = 2
superconformal vertex algebra” given in [K2] which includes odd formal variables,
is not equivalent to our notion of “N = 2 vertex superalgebra with odd formal
variables” as equations (5.9.7) in [K2] do not endow the odd variable components
of the vertex operators with the correct structure; see Remark 5.9. The notion of
“N = 2 vertex superalgebra with two odd formal variables in the nonhomogeneous
basis” we present in Section 5 is equivalent to the notion of “NK = 2 SUSY vertex
superalgebra” as presented in [HK] and [He], and some of the basic properties of
such algebras that we present here appear in [HK]. However, we point out an incon-
sistency in the formulations given in [HK] and [He] involving the vertex operator
corresponding to the N = 2 superconformal element; see Remark 5.12. In the early
physics literature, the odd variables were often included in the fields and the vertex
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operator with odd formal variables corresponding to the N = 2 superconformal
element as well as the operator product expansion for this vertex operator with
odd formal variables is given in, for instance [P] and [YZ]; see Remark 2.12. As
mentioned before, in this work, we show that the odd variable components for a
vertex operator in general and for the vertex operator corresponding to the N = 2
superconformal element in particular are completely determined by the form of the
superconformal shift that appears in the Jacobi identity when two odd formal vari-
ables are included in the vertex operators. In future work, using some of the results
presented here, we will give a geometric basis for the form that the vertex operator
corresponding to the N = 2 superconformal element must take.
One of the main differences between our work in presenting the notion of N = 2
vertex superalgebra with two odd formal variables and deriving the main properties
of these algebras, in comparison to the work done in [HK] is that we stress here
(in the spirit of [LL]) the Jacobi identity formulation of the notions of N = 1 and
N = 2 vertex superalgebra and then show that virtually all the basic properties
for such algebras follow quite easily and naturally from this one identity if the
odd formal variables are included appropriately. The generalization of the notion
of vertex operator superalgebra to include odd formal variables was first done in
[B2]; see also [B1], and for a more extensive treatment [B3]. The notion of N = 1
Neveu-Schwarz vertex operator superalgebra with odd formal variables presented
in [B1]–[B3] was the first instance of a Jacobi identity for vertex operators which
included odd formal variables. As mentioned before, the Jacobi identity was first
formulated for vertex operators with two odd formal variables in [HM]. Some of
the properties that naturally follow from the Jacobi identity for N = 1 Neveu-
Schwarz vertex operator superalgebras with odd formal variables that were given
in [B1]–[B3] were generalized to other N = n settings for n > 1 in [HK] and [He].
However the Jacobi identity with odd formal variables is not formulated in [HK] or
[He], and thus more work must be done to derive many of the useful formulas, and
in addition, as we mentioned before, there are inconsistencies between or typos in
some of the formulas in [HM], [HK] and [He].
After a review and clarification of the notion of N = 2 (Neveu-Schwarz) ver-
tex (operator) superalgebra, we present the main new results in this paper. These
include a realization of the N = 2 Neveu-Schwarz algebra as the algebra of infin-
itesimal N = 1 superanalytic (as opposed to superconformal) coordinate transfor-
mations and an interpretation of this as arising from alternate notions of N = 1
superconformality and the continuous deformation of N = 1 superconformal func-
tions by a one-parameter family corresponding to these alternate notions. We then
show that an N = 2 (Neveu-Schwarz) vertex (operator) superalgebra is naturally
a continuous deformation of an N = 1 (Neveu-Schwarz) vertex (operator) superal-
gebra and is related to alternate notions of N = 1 superconformality. In particular
we prove that the group of formal N = 2 superconformal functions vanishing at
zero and invertible in a neighborhood of zero is isomorphic to a certain subgroup of
N = 1 superanalytic functions vanishing at zero and invertible in a neighborhood
of zero. We also prove a similar statement about a group arising from N = 2 super-
conformal functions vanishing at infinity and invertible in a neighborhood of infinity
and the corresponding group arising from certain N = 1 superanalytic functions
vanishing at infinity and invertible in a neighborhood of infinity. Thus one can view
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an N = 2 (Neveu-Schwarz) vertex (operator) superalgebra as the algebra of corre-
lations functions for N = 1 superanalytic (as opposed to superconformal) fields. It
is important to note, however, that we do not use the transformation used in for in-
stance [DRS] to achieve a reduction from N = 2 superconformal functions to N = 1
superanalytic functions. The transformation used in [DRS] and, for instance [He],
depends on a transformation of the even variable by a shift involving the product of
the odd variables, and results in a basis for the N = 1 superanalytic algebra which
has zero central charge for the conformal elements. Instead, we achieve a corre-
spondence between the N = 2 superconformal and N = 1 superanalytic settings
by continuously deforming the odd variable in the N = 1 superconformal setting,
and show that the N = 2 Neveu-Schwarz algebra in its original basis is realized
as the infinitesimal N = 1 superanalytic transformations; see Remark 6.25. We
expect to use this result in making rigorous the connection between the algebraic
and geometric aspects of N = 2 holomorphic genus-zero superconformal field the-
ory following the program of Huang in [H2] in the nonsuper case and the author
in [B1]–[B5] in the N = 1 super case as discussed below. In addition, we expect
this result to give insights into the construction of N = 2 Neveu-Schwarz vertex
operator superalgebras from N = 1 Neveu-Schwarz vertex operator superalgebras.
The main reason for including the odd formal variables in the definition of N = 2
(Neveu-Schwarz) vertex (operator) superalgebra is that this makes the correspon-
dence with the underlying geometry more transparent, giving a context to many
identities that might otherwise seem arbitrary. In fact, after each formulation of
the notion of N = 2 (Neveu-Schwarz) vertex (operator) superalgebra, we give con-
sequences of the notion, some of which will be used in subsequent work to establish
the rigorous correspondence between the algebraic settings presented here and the
differential supergeometric settings which we allude to in this paper as motivation.
That is, we plan to use the results of this paper to extend the work of the author in
[B1]–[B5] on a rigorous correspondence between the geometric and algebraic foun-
dations of N = 1 holomorphic genus-zero superconformal field theory to the N = 2
case using the N = 2 supergeometric results of [B7]. This includes plans to establish
the notion of “N = 2 supergeometric vertex operator superalgebra” and to define
an isomorphism between the category of such objects and the category of N = 2
Neveu-Schwarz vertex operator superalgebras. The isomorphism of categories is
much easier to formulate and prove when one includes the odd formal variables in
the algebraic notion of N = 2 Neveu-Schwarz vertex operator superalgebra. This
rigorous correspondence between the differential geometric and algebraic aspects
of the theory of N = 2 Neveu-Schwarz vertex operator superalgebras is necessary
for the construction of N = 2 superconformal field theory in the sense of Segal [S]
following the program of Huang [H1]–[H9].
In addition to being useful for establishing the correspondence between the geo-
metric and algebraic aspects of N = 2 genus-zero holomorphic superconformal
field theory, including the odd variables makes it easier to formulate many of the
identities arising as a consequences of the notion of N = 2 (Neveu-Schwarz) ver-
tex (operator) superalgebra; many vertex operator calculations become easier; and
many problems such as determining change of variables formulas for N = 2 Neveu-
Schwarz vertex operator superalgebras become easier to formulate and solve (cf.
[B6]). We take this opportunity to point out that in [HK], Heluani and Kac for-
mulate an axiomatic notion of what they call “strongly conformal NK = N SUSY
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vertex superalgebras” and in [He], Heluani gives certain specialized change of vari-
ables formulas for these algebras. For N = 1 these algebras correspond to “N = 1
Neveu-Schwarz vertex operator superalgebras” as formulated and studied previ-
ously by the author in [B1]–[B3], and change of variable formulas for such algebras
had been formulated and proved by the author in [B6]. In fact in [B6], the author
not only proves general change of variables formulas for any N = 1 superconformal
change of coordinates (not just certain specialized ones near zero as given in [He])
but also near infinity and more generally, on an annulus. In addition in [B6], the
author concludes when and how one obtains isomorphic vertex operator superalge-
bras under general changes of variables, and proves certain convergence properties
for the resulting correlation functions. The subtleties entering into the formulation
and the proof of the change of variable formulas were explained in detail in [B6].
It was actually the rigorous treatment of the correspondence between certain geo-
metric and algebraic aspects of N = 1 superconformal field theory as developed
in [B2] and [B4] that led the author to formulate and study the notion of N = 1
Neveu-Schwarz vertex operator superalgebra with odd formal variables and to in-
troduce (in [B1] and [B2]; see also [B3]) such properties as the G(−1/2)-derivative
property, the Jacobi identity and the commutator formula with odd variables, su-
percommutativity and associativity with odd variables, and skew supersymmetry.
In fact, only using this correspondence with the N = 1 supergeometry was the au-
thor able to, in [B6], prove the convergence properties of the correlation functions
arising from the change of variables formulas. The present paper is the second in
a series of papers (the first being [B7]) extending the author’s entire algebraic and
geometric program in the N = 1 case [B1]–[B5] to the N = 2 case.
The results presented here concerning the Jacobi identity formulations of the
notions ofN = 1 andN = 2 vertex superalgebras with odd formal variables and how
these formulations naturally gives rise to the desired conformal operator and the
various superconformal operators were first derived in conjunction with a graduate
course on vertex (super)algebras the author taught Spring 2006 at the University
of Notre Dame using [LL] as one of the texts. As such, this paper, along with [B3]
would be appropriate as part of an introductory graduate course on vertex algebras
using [LL] if the instructor desired a foray into the theory of vertex superalgebras,
especially if one were to tie into the geometric foundations of (super)conformal field
theory as presented in [H2] and [B4]–[B5], [B7]. Most of the results presented here
on axiomatic aspects of N = 2 Neveu-Schwarz vertex operator superalgebras with
one odd formal variable and their relationship to deformations of N = 1 Neveu-
Schwarz vertex operator superalgebras were first presented by the author in a talk
at the Fields Institute in October 2000.
1.2. Grassmann algebras and the N = 2 Neveu-Schwarz Lie superalgebra.
Let F be a field of characteristic zero, let Z denote the integers, and let Z2 denote
the integers modulo two. For a Z2-graded vector space over F, V = V
0⊕V 1, define
the sign function η on the homogeneous subspaces of V by η(v) = j, for v ∈ V j
and j = Z2. If η(v) = 0, we say that v is even, and if η(v) = 1, we say that v is
odd.
A superalgebra is an (associative) algebra A (with identity 1 ∈ A), such that: (i)
A is a Z2-graded algebra; (ii) ab = (−1)η(a)η(b)ba for a, b homogeneous in A. Note
that when working over a field of characteristic zero or of characteristic greater than
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two, property (ii), supercommutativity, implies that the square of any odd element
is zero.
The exterior algebra over a vector space U , denoted
∧
(U), has the structure of
a superalgebra. Let N denote the natural numbers. Fix UL to be an L-dimensional
vector space over C for L ∈ N such that UL ⊂ UL+1. We denote
∧
(UL) by
∧
L and
call this the Grassmann algebra on L generators. Note that
∧
L ⊂
∧
L+1, and taking
the direct limit as L→∞, we have the infinite Grassmann algebra denoted by ∧∞.
Since this paper is motivated by the geometry of N = 2 superconformal field theory
[FMS], [DRS], [D], [B7], in which one considers superanalytic structures, for the
purposes of this paper we have defined
∧
∗ over C. However, we could just as well
have formulated the results that follow for Grassmann algebras over any field of
characteristic zero.
Throughout the rest of this paper we assume
∧
L for L ∈ N and
∧
∞ to be fixed.
(That is we assume U1 ⊂ U2 ⊂ · · · to be fixed.) We use the notation
∧
∗ to denote
the Grassmann algebra
∧
L for some L ∈ N or the infinite Grassmann algebra. Note
that if L = 0, then
∧
0 = C. We call this subalgebra of
∧
∗ the body of
∧
∗, denoted
(
∧
∗)B . We call the orthogonal complement of the body in
∧
∗, the soul and denote
it (
∧
∗)S . Let piB be the projection from
∧
∗ onto the body (
∧
∗)B (cf. [D], [B2],
[B4]). For a ∈ ∧∗, denote piB(a) = aB.
Let (
∧
∗)
× denote the set of invertible elements in
∧
∗. Then
(
∧
∗)
× = {a ∈ ∧∗ | aB 6= 0}
since
1
a
=
1
aB + aS
=
∑
n∈N
(−1)nanS
an+1B
is well defined if and only if aB 6= 0.
A Z2-graded vector space g = g
0 ⊕ g1 is said to be a Lie superalgebra if it has
a bilinear operation [·, ·] on g such that for u, v homogeneous in g: (i) [u, v] ∈
g(η(u)+η(v))mod 2; (ii) skew symmetry holds [u, v] = −(−1)η(u)η(v)[v, u]; (iii) the
following Jacobi identity holds
(1.1) (−1)η(u)η(w)[[u, v], w] + (−1)η(v)η(u)[[v, w], u] + (−1)η(w)η(v)[[w, u], v] = 0.
The N = 2 Neveu-Schwarz algebra is the Lie superalgebra with basis consisting
of the central element d, even elements Ln and Jn, and odd elements G
±
n+1/2 for
n ∈ Z, and commutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0 d,(1.2)
[Jm, Jn] =
1
3
mδm+n,0d, [Lm, Jn] = −nJm+n,(1.3) [
Lm, G
±
n+ 12
]
=
(
m
2
− n− 1
2
)
G±
m+n+ 12
,(1.4) [
Jm, G
±
n+ 12
]
= ±G±
m+n+ 12
,
[
G±
m+ 12
, G±
n+ 12
]
= 0,(1.5)[
G+
m+ 12
, G−
n− 12
]
= 2Lm+n + (m− n+ 1)Jm+n + 1
3
(m2 +m)δm+n,0 d,(1.6)
for m,n ∈ Z.
Remark 1.1. The N = 2 Neveu-Schwarz algebra is generated by G±n+1/2 for n ∈ Z.
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Remark 1.2. The subalgebra spanV
∗
{L−1, G+−1/2, G−−1/2, L0, J0, G+1/2, G−1/2, L1}
of the N = 2 Neveu-Schwarz algebra is the Lie superalgebra ospV
∗
(2|2) (cf. [K1]).
It is the orthogonal-symplectic superalgebra over the Grassmann algebra
∧
∗ and is
also the Lie superalgebra of “infinitesimal N = 2 superconformal transformations of
the N = 2 super-Riemann sphere” as shown in [B7]. We will denote the subalgebra
of ospV
∗
(2|2) given by spanV
∗
{L−1, G+−1/2, G−−1/2} by ospV∗(2|2)<0.
Remark 1.3. The group of automorphisms of the N = 2 Neveu-Schwarz algebra
which preserve the Lie subalgebra generated by Ln and Jn for n ∈ Z are given by:
(1.7) G±
n+ 12
7→ b±1G±
n+ 12
, Jn 7→ Jn, Ln 7→ Ln,
for b ∈ C×, if we are taking the algebra over C, or more generally, for b an invertible
even element of the underlying Grassmann algebra, i.e., b ∈ (∧0∗)×. In addition,
we have the Virasoro-preserving automorphism
(1.8) G±
n+ 12
7→ G∓
n+ 12
, Jn 7→ −Jn, Ln 7→ Ln.
The composition of these give the Virasoro-preserving automorphisms
(1.9) G±
n+ 12
7→ b∓1G∓
n+ 12
, Jn 7→ −Jn, Ln 7→ Ln,
for b ∈ (∧0∗)×, which together with (1.7) give the group Z2×C× of automorphisms
of the N = 2 Neveu-Schwarz algebra.
Now consider the substitutions
(1.10) G
(1)
n+ 12
=
1√
2
(
G+
n+ 12
+G−
n+ 12
)
, G
(2)
n+ 12
=
i√
2
(
G+
n+ 12
−G−
n+ 12
)
.
Note then that G±n+1/2 =
1√
2
(G
(1)
n+1/2 ∓ iG
(2)
n+1/2). Under these substitutions, the
N = 2 Neveu-Schwarz algebra has a basis consisting of the central element d and
Ln, Jn, and G
(j)
n+1/2 for n ∈ Z, j = 1, 2 and commutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0 d,(1.11)
[Jm, Jn] =
1
3
mδm+n,0d, [Lm, Jn] = −nJm+n,(1.12) [
Lm, G
(j)
n+ 12
]
=
(
m
2
− n− 1
2
)
G
(j)
m+n+ 12
,(1.13) [
Jm, G
(1)
n+ 12
]
= −iG(2)
m+n+ 12
,
[
Jm, G
(2)
n+ 12
]
= iG
(1)
m+n+ 12
,(1.14)[
G
(j)
m+ 12
, G
(j)
n− 12
]
= 2Lm+n +
1
3
(m2 +m)δm+n,0 d,(1.15)[
G
(1)
m+ 12
, G
(2)
n− 12
]
= −i(m− n+ 1)Jm+n,(1.16)
for m,n ∈ Z, j = 1, 2. We call this the nonhomogeneous basis for the N = 2
Neveu-Schwarz algebra.
Remark 1.4. Comparing the commutation relations (1.2)–(1.6) for the N = 2
Neveu-Schwarz algebra in the homogeneous basis with the commutation relations
(1.11)–(1.16) in the nonhomogeneous basis, we see a justification for our terminol-
ogy “homogeneous” and “nonhomogeneous”. In the former case, the commutator of
Jm with G
±
n+1/2 is homogeneous in G
±
n+1/2, respectively, whereas in the later case,
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the commutator of Jm with G
(j)
n+1/2, for j = 1, 2, is nonhomogeneous. Another
justification for our terminology comes from the underlying N = 2 supergeometry.
In [B7], we prove that the N = 2 Neveu-Schwarz algebra is the algebra of infin-
itesimal N = 2 superconformal transformations; see Proposition 2.17 below. In
the homogeneous coordinate system (which corresponds to the homogeneous basis
for the N = 2 Neveu-Schwarz algebra of infinitesimals) an N = 2 superconformal
change of variables transforms certain superderivations homogeneously of degree
one (see Remark 1.7); whereas in the nonhomogeneous coordinate system (which
corresponds to the nonhomogeneous basis for the N = 2 Neveu-Schwarz algebra of
infinitesimals) an N = 2 superconformal functions is one that transforms the anal-
ogous superderivations in the nonhomogeneous coordinates to a nonhomogeneous
linear combination of the superderivations (see Remark 5.3 and Proposition 5.18
below).
Remark 1.5. Following Remark 1.2, we see that in the nonhomogeneous basis the
orthogonal-symplectic superalgebra is given by ospV
∗
(2|2) = spanV
∗
{L−1, G(1)−1/2,
G
(2)
−1/2, L0, J0, G
(1)
1/2, G
(2)
1/2, L1}, and ospV∗(2|2)<0 = spanV∗{L−1, G
(1)
−1/2, G
(2)
−1/2}.
Remark 1.6. In the nonhomogeneous basis, the automorphisms of the N = 2
Neveu-Schwarz algebra which preserve the Lie subalgebra generated by Ln and Jn
for n ∈ Z and which correspond to the automorphisms (1.7) are given by
G
(1)
n+ 12
7→ 1
2
(
(b+ b−1)G(1)
n+ 12
− i(b− b−1)G(2)
n+ 12
)
,(1.17)
G
(2)
n+ 12
7→ 1
2
(
i(b− b−1)G(1)
n+ 12
+ (b+ b−1)G(2)
n+ 12
)
,
Jn 7→ Jn, and Ln 7→ Ln,
for b ∈ (∧0∗)×. Or writing b = eβ for β ∈ ∧0∗, this becomes
G
(1)
n+ 12
7→ (coshβ)G(1)
n+ 12
− i(sinhβ)G(2)
n+ 12
,(1.18)
G
(2)
n+ 12
7→ i(sinhβ)G(1)
n+ 12
+ (coshβ)G
(2)
n+ 12
,
Jn 7→ Jn, and Ln 7→ Ln.
The Virasoro-preserving automorphism corresponding to the automorphism (1.8)
is
(1.19) G
(1)
n+ 12
7→ G(1)
n+ 12
, G
(2)
n+ 12
7→ −G(2)
n+ 12
, Jn 7→ −Jn, Ln 7→ Ln,
and the composition of these give the continuous family of Virasoro-preserving
automorphisms
G
(1)
n+ 12
7→ 1
2
(
(b+ b−1)G(1)
n+ 12
+ i(b− b−1)G(2)
n+ 12
)
,(1.20)
G
(2)
n+ 12
7→ 1
2
(
i(b− b−1)G(1)
n+ 12
− (b+ b−1)G(2)
n+ 12
)
,
Jn 7→ −Jn, and Ln 7→ Ln,
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for b ∈ (∧0∗)×, or writing b = eβ for β ∈ ∧0∗
G
(1)
n+ 12
7→ (coshβ)G(1)
n+ 12
+ i(sinhβ)G
(2)
n+ 12
,(1.21)
G
(2)
n+ 12
7→ i(sinhβ)G(1)
n+ 12
− (coshβ)G(2)
n+ 12
,
Jn 7→ −Jn, and Ln 7→ Ln.
1.3. Delta functions and formal calculus with odd formal variables. This
section we follow and extend the formal calculus as presented in for instance [FHL],
[LL], [B2], and [B3].
Let x, x0, x1 and x2 be formal variables which commute with each other and
with
∧
∗. We call such variables even formal variables. Let ϕ
±, ϕ±1 and ϕ
±
2 be
formal variables which commute with x, x0, x1, x2 and
∧0
∗ and anticommute with
each other and
∧1
∗. We call such variables odd formal variables. Note that the
square of any odd formal variable is zero. Thus for any formal Laurent series
f(x) ∈ ∧∗[[x, x−1]], we define
f(x+ ϕ+1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )(1.22)
= f(x) + (ϕ+1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )f
′(x) +
1
2
(ϕ+1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
2f ′′(x)
= f(x) + (ϕ+1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )f
′(x) + ϕ+1 ϕ
−
1 ϕ
+
2 ϕ
−
2 f
′′(x)
which is in
∧
∗[[x, x
−1]][ϕ+1 , ϕ
−
1 , ϕ
+
2 , ϕ
−
2 ].
Recall (cf. [FLM], [LL]) the formal δ-function at x = 1 given by δ(x) =
∑
n∈Z x
n.
In [B3], we extended the δ-function to be defined for certain expressions involving
both even and odd formal variables. Although the terms involving the odd formal
variables we will use here are slightly different than those used in [B3], the argu-
ments for extending the delta function and related identities to these expressions
involving odd formal variables carry through to the present situation. Thus using
(1.22) we have the following δ-function of expressions involving three even formal
variables and four odd formal variables
δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
(1.23)
=
∑
n∈Z
(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )nx−n0
= δ
(
x1 − x2
x0
)
− (ϕ+1 ϕ−2 + ϕ−1 ϕ+2 )x−10 δ′
(
x1 − x2
x0
)
+ϕ+1 ϕ
−
1 ϕ
+
2 ϕ
−
2 x
−2
0 δ
′′
(
x1 − x2
x0
)
where δk(x) = dk/dxkδ(x), for k ∈ N, and we use the conventions that a function
of even and odd variables should be expanded about the even variables and any
expression in two even variables (such as (x1−x2)n, for n ∈ Z) should be expanded
in positive powers of the second variable, (in this case x2). Note that
(1.24)
∂k
∂xk0
x−10 δ
(
x1 − x2
x0
)
= (−1)kx−k−10 δk
(
x1 − x2
x0
)
,
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and thus
(1.25) δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
= δ
(
x1 − x2
x0
)
+ (ϕ+1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )x0
∂
∂x0
x−10 δ
(
x1 − x2
x0
)
+ ϕ+1 ϕ
−
1 ϕ
+
2 ϕ
−
2 x0
∂2
∂x20
x−10 δ
(
x1 − x2
x0
)
.
Following the treatment of formal calculus for even formal variables given in
[FHL], we have
(1.26) f(x)δ(x) = f(1)δ(x) for f(x) ∈ C[x, x−1].
Let V be a vector space over C. For X(x1, x2) ∈ (End V )[[x1, x−11 , x2, x−12 ]] such
that
lim
x1→x2
X(x1, x2) exists, i.e., X(x1, x2)|x1=x2 exists
(that is, when X(x1, x2) is applied to any element of V , setting the variables equal
leads to only finite sums in V ), we have
(1.27) X(x1, x2)δ
(
x1
x2
)
= X(x2, x2)δ
(
x1
x2
)
.
For the three-variable generating function
δ
(
x1 − x2
x0
)
=
∑
n∈Z
(x1 − x2)n
xn0
=
∑
n∈Z,m∈N
(−1)m
(
n
m
)
x−n0 x
n−m
1 x
m
2 ,
we have
(1.28) x−11 δ
(
x2 + x0
x1
)
= x−12 δ
(
x1 − x0
x2
)
and
(1.29) x−10 δ
(
x1 − x2
x0
)
− x−10 δ
(
x2 − x1
−x0
)
= x−12 δ
(
x1 − x0
x2
)
.
Notice that in the spirit of the δ-function multiplication principle (1.27), the expres-
sions on both sides of (1.28) and the three terms occurring in (1.29) all correspond
to the same formal substitution x0 = x1 − x2.
The above facts (1.26)–(1.27) extend immediately to the following:
f(x, ϕ+, ϕ−)δ(x) = f(1, ϕ+, ϕ−)δ(x) for f(x, ϕ+, ϕ−) ∈ ∧∗[x, x−1, ϕ+, ϕ−].
Let V be a
∧
∗-module. If
X(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ) ∈ (End V )[[x1, x−11 , x2, x−12 ]][ϕ+1 , ϕ−1 , ϕ+2 , ϕ−2 ]
such that
lim
x1→x2
X(x1, ϕ
+
1 .ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 )
exists, i.e.,
X(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 )|x1=x2
exists, then
(1.30) X(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 )δ
(
x1
x2
)
= X(x2, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 )δ
(
x1
x2
)
.
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Repeatedly taking ∂∂x0 of both sides of (1.28), we obtain the following identity
(cf. [B3]):
(1.31) x−k−11 δ
k
(
x2 + x0
x1
)
= (−1)kx−k−12 δk
(
x1 − x0
x2
)
.
Repeatedly taking ∂∂x1 of both sides of (1.29), we obtain (cf. [B3]):
(1.32) x−k−10 δ
k
(
x1 − x2
x0
)
− x−k−10 δk
(
x2 − x1
−x0
)
= x−k−12 δ
k
(
x1 − x0
x2
)
.
Thus from (1.23), (1.28), (1.29), (1.31) and (1.32), we have
(1.33) x−11 δ
(
x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
= x−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
and
(1.34) x−10 δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
− x−10 δ
(
x2 − x1 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2
−x0
)
= x−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
.
Notice that in the spirit of the δ-function multiplication principle (1.30), the expres-
sions on both sides of (1.33) and the three terms occurring in (1.34) all correspond
to the same formal substitution
(1.35) x0 = x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 .
And thus for
X(x0, x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ) ∈ (End V )[[x0, x−10 , x1, x−11 , x2, x−12 ]][ϕ+1 , ϕ−1 , ϕ+2 , ϕ−2 ],
a formal substitution corresponding to x0 = x1 − x2 −ϕ+1 ϕ−2 −ϕ−1 ϕ+2 can be made
as long as the resulting expression is well defined, e.g., if
X(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ) ∈ (End V )[[x1, x−11 ]]((x2))[ϕ+1 , ϕ−1 , ϕ+2 , ϕ−2 ],
then
(1.36) δ
(
x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
X(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 )
= δ
(
x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
X(x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 ,
ϕ−1 , x2, ϕ
+
2 , ϕ
−
2 ),
and (1.36) holds for more general X(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ) as long as the expres-
sion X(x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ) is well defined.
Remark 1.7. The substitution x0 = x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 can be thought
of as the even part of a “superconformal shift of (x1, ϕ
+
1 , ϕ
−
1 ) by (x2, ϕ
+
2 , ϕ
−
2 )”.
That is, if we let f(x, ϕ+, ϕ−) = (x˜, ϕ˜+, ϕ˜−) with x˜ ∈ (∧∗[[x, x−1]][ϕ+, ϕ−])0 and
ϕ˜± ∈ (∧∗[[x, x−1]][ϕ(1), ϕ(2)])1, then f is said to be N = 2 superconformal in x and
ϕ± if and only if f satisfies
(1.37) D−ϕ˜+ = D+ϕ˜− = D+x˜− ϕ˜−D+ϕ˜+ = D−x˜− ϕ˜+D−ϕ˜− = 0
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for
(1.38) D± =
∂
∂ϕ±
+ ϕ∓
∂
∂x
(see [B7]). For a formal superanalytic vector-valued function f(x, ϕ+, ϕ−) = (x˜, ϕ˜+,
ϕ˜−), the conditions (1.37) are equivalent to requiring that f transform both of
the super-differential operators D± homogeneously of degree one so that D± =
(D±ϕ˜±)D˜±. We observe that f(x1, ϕ+1 , ϕ
−
1 ) = (x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 , ϕ+1 −
ϕ+2 , ϕ
−
1 − ϕ−2 ) is formally N = 2 superconformal in x1 and ϕ±1 since it satisfies
(1.37).
From [LL] we have the following fact about δ-functions and expansions of zero:
(1.39) (x1 − x2)−n−1 − (−x2 + x1)−n−1 = (−1)
n
n!
(
∂
∂x1
)n
x−12 δ
(
x1
x2
)
,
for n ∈ N. Thus including formal odd variables we have the following proposition:
Proposition 1.8. For n ∈ N,
(1.40) (x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )−n−1 − (−x2 + x1 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )−n−1
=
(−1)n
n!
(
∂
∂x1
)n
x−12 δ
(
x1 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
.
Proof. From (1.22) and (1.39), we have
(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )−n−1 − (−x2 + x1 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )−n−1
= (x1 − x2)−n−1 − (−x2 + x1)−n−1
+(n+ 1)(ϕ+1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
(
(x1 − x2)−n−2 − (−x2 + x1)−n−2
)
+(n+ 1)(n+ 2)ϕ+1 ϕ
−
2 ϕ
−
1 ϕ
+
2
(
(x1 − x2)−n−3 − (−x2 + x1)−n−3
)
=
(−1)n
n!
(
∂
∂x1
)n
x−12 δ
(
x1
x2
)
+(n+ 1)(ϕ+1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
(−1)n+1
(n+ 1)!
(
∂
∂x1
)n+1
x−12 δ
(
x1
x2
)
+(n+ 1)(n+ 2)ϕ+1 ϕ
−
2 ϕ
−
1 ϕ
+
2
(−1)n+2
(n+ 2)!
(
∂
∂x1
)n+2
x−12 δ
(
x1
x2
)
=
(−1)n
n!
(
∂
∂x1
)n(
1− (ϕ+1 ϕ−2 + ϕ−1 ϕ+2 )
∂
∂x1
+ϕ+1 ϕ
−
2 ϕ
−
1 ϕ
+
2
(
∂
∂x1
)2)
x−12 δ
(
x1
x2
)
=
(−1)n
n!
(
∂
∂x1
)n
x−12 δ
(
x1 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
.

We will often use a formal residue operator Resx from V [[x, x
−1]][ϕ+, ϕ−] to
V [ϕ+, ϕ−] which we define by
(1.41) Resx
∑
n∈Z
an(ϕ
+, ϕ−)xn = a−1(ϕ+, ϕ−)
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where an(ϕ
+, ϕ−) ∈ V [ϕ+, ϕ−], for n ∈ Z.
We have the following extension of the the formal Taylor Theorem (cf. [FLM],
[LL]):
Proposition 1.9. Let v(x, ϕ+, ϕ−) ∈ V [[x, x−1]][ϕ+, ϕ−]. Then
(1.42) e
x0
∂
∂x+ϕ
+
0
“
∂
∂ϕ+
+ϕ− ∂∂x
”
+ϕ−0
“
∂
∂ϕ−+ϕ
+ ∂
∂x
”
v(x, ϕ+, ϕ−)
= v(x + x0 + ϕ
+
0 ϕ
− + ϕ−0 ϕ
+, ϕ+0 + ϕ
+, ϕ−0 + ϕ
−)
(and these expressions exist).
Proof. By direct expansion, we see that
(1.43) e
x0
∂
∂x+ϕ
+
0
“
∂
∂ϕ+
+ϕ− ∂∂x
”
+ϕ−0
“
∂
∂ϕ−+ϕ
+ ∂
∂x
”
(x, ϕ+, ϕ−)
= (x + x0 + ϕ
+
0 ϕ
− + ϕ−0 ϕ
+, ϕ+0 + ϕ
+, ϕ−0 + ϕ
−).
By Proposition 6.20 in [B7], we have that
(1.44) e
x0
∂
∂x+ϕ
+
0
“
∂
∂ϕ+
+ϕ− ∂∂x
”
+ϕ−0
“
∂
∂ϕ−+ϕ
+ ∂
∂x
”
v(x, ϕ+, ϕ−)
= v
(
e
x0
∂
∂x+ϕ
+
0
“
∂
∂ϕ+
+ϕ− ∂∂x
”
+ϕ−0
“
∂
∂ϕ−+ϕ
+ ∂
∂x
”
(x, ϕ+, ϕ−)
)
.
The result follows. 
2. N = 2 (Neveu-Schwarz) vertex (operator) superalgebras with two
odd formal variables
2.1. The notion of N = 2 vertex superalgebra with two odd formal vari-
ables.
Definition 2.1. An N = 2 vertex superalgebra over
∧
∗ and with two odd formal
variables consists of a Z2-graded
∧
∗-module (graded by sign η)
(2.1) V = V 0 ⊕ V 1
equipped, first, with a linear map
V −→ (End V )[[x, x−1]][ϕ+, ϕ−](2.2)
v 7→ Y (v, (x, ϕ+, ϕ−))
with
(2.3) Y (v, (x, ϕ+, ϕ−)) =
∑
n∈Z
(
vn + ϕ
+v+
n− 12
+ ϕ−v−
n− 12
+ ϕ+ϕ−v+−n−1
)
x−n−1,
where for the Z2-grading of End V induced from that of V , we have
(2.4) vn, v
+−
n ∈ (End V )η(v), and v±n− 12 ∈ (End V )
(η(v)+1) mod 2
for v of homogeneous sign in V , x is an even formal variable, and ϕ± are odd formal
variables, and where Y (v, (x, ϕ+, ϕ−)) denotes the vertex operator associated with
v. We also have a distinguished element 1 in V (the vacuum vector). The following
conditions are assumed for u, v ∈ V : the truncation conditions:
(2.5) unv = u
+−
n v = u
±
n− 12
v = 0 for n ∈ Z sufficiently large,
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that is
(2.6) Y (u, (x, ϕ+, ϕ−))v ∈ V ((x))[ϕ+, ϕ−];
next, the following vacuum property:
(2.7) Y (1, (x, ϕ+, ϕ−)) = idV ;
the creation property holds:
Y (v, (x, ϕ+, ϕ−))1 ∈ V [[x]][ϕ+, ϕ−](2.8)
lim
(x,ϕ+,ϕ−)→0
Y (v, (x, ϕ+, ϕ−))1 = v;(2.9)
and finally the Jacobi identity holds:
x−10 δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))(2.10)
−(−1)η(u)η(v)x−10 δ
(
x2 − x1 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2
−x0
)
Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
·Y (u, (x1, ϕ+1 , ϕ−1 ))
= x−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))v,
(x2, ϕ
+
2 , ϕ
−
2 )),
for u, v of homogeneous sign in V .
The N = 2 vertex superalgebra just defined is denoted by
(V, Y (·, (x, ϕ+, ϕ−)),1),
or for simplicity by V .
Since
∧
L ⊂
∧
∞ for L ∈ N, any N = 2 vertex superalgebra V over
∧
L can
be extended to an N = 2 vertex superalgebra over
∧
∞ by taking the
∧
∞-module
induced by the
∧
L-module V .
Let (V1, Y1(·, (x, ϕ+, ϕ−)),11) and (V2, Y2(·, (x, ϕ+, ϕ−)),12) be two N = 2 ver-
tex superalgebras. A homomorphism of N = 2 vertex superalgebras with odd formal
variables is a Z2-graded
∧
∞-module homomorphism γ : V1 −→ V2 satisfying
(2.11) γ(Y1(u, (x, ϕ
+, ϕ−))v) = Y2(γ(u), (x, ϕ+, ϕ−))γ(v) for u, v ∈ V1,
and γ(11) = 12.
Note that an N = 2 vertex superalgebra over
∧
∗ is isomorphic to the same
N = 2 Neveu-Schwarz vertex operator superalgebra over a different subalgebra of
the underlying Grassmann algebra
∧
∞.
We have the following consequences of the definition of N = 2 vertex superalge-
bra with two odd formal variables: By the creation property, we see that 1 ∈ V 0,
and
(2.12) v−1 · 1 = v.
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Taking Resx0 of the Jacobi identity and using the δ-function identity (1.33), we
obtain the following supercommutator formula with odd formal variables
(2.13) [Y (u, (x1, ϕ
+
1 , ϕ
−
1 )), Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))]
= Resx0x
−1
2 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
· Y (Y (u, (x0, ϕ+1 − ϕ+2 , ϕ−1 − ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 )).
Taking Resx1 of the Jacobi identity and using the δ-function identity (1.33), we
obtain the following iterate formula for N = 2 vertex operators with two odd
formal variables
(2.14) Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))
= Resx1
(
x−10 δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
− (−1)η(u)η(v)x−10 δ
(
x2 − x1 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2
−x0
)
Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
· Y (u, (x1, ϕ+1 , ϕ−1 ))
)
.
We will sometimes use the following notation for the vertex operator associated
with v ∈ V :
Y (v, (x, ϕ+, ϕ−)) =
∑
n∈Z
(
vn + ϕ
+v+
n− 12
+ ϕ−v−
n− 12
+ ϕ+ϕ−v+−n−1
)
x−n−1
= v(x) + ϕ+v+(x) + ϕ−v−(x) + ϕ+ϕ−v+−(x).(2.15)
Proposition 2.2. Let V be an N = 2 vertex superalgebra with two odd formal
variables and let D± be the odd endomorphisms of V defined by
(2.16) D±(v) = v±− 321 for v ∈ V .
Then
(2.17) Y (D±v, (x, ϕ+, ϕ−)) =
(
∂
∂ϕ±
+ ϕ∓
∂
∂x
)
Y (v, (x, ϕ+, ϕ−)).
Proof. Using the iterate formula (2.14), the vacuum property (2.7), Proposition
1.8, (1.33) with x0 = 0 (which is well-defined), (1.36), and the notation (2.15), we
have
Y (D±v, (x2, ϕ+2 , ϕ−2 ))
= Y (v±− 32
1, (x2, ϕ
+
2 , ϕ
−
2 ))
=
(
∂
∂ϕ±1
± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
)
Resx0x
−1
0 Y (Y (v, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))1,
(x2, ϕ
+
2 , ϕ
−
2 ))
∣∣∣∣
ϕ∓1 =0
=
(
∂
∂ϕ±1
± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
)
Resx0x
−1
0 Resx1
(
x−10 δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
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·Y (v, (x1, ϕ+1 , ϕ−1 ))− x−10 δ
(
x2 − x1 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2
−x0
)
·Y (v, (x1, ϕ+1 , ϕ−1 ))
)∣∣∣∣
ϕ∓1 =0
=
(
∂
∂ϕ±1
± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
)
Resx1
((
(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )−1
− (−x2 + x1 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )−1
)
Y (v, (x1, ϕ
+
1 , ϕ
−
1 ))
)∣∣∣∣
ϕ∓1 =0
=
(
∂
∂ϕ±1
± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
)
Resx1
(
x−12 δ
(
x1 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
·Y (v, (x1, ϕ+1 , ϕ−1 ))
)∣∣∣∣
ϕ∓1 =0
=
(
∂
∂ϕ±1
± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
)
Resx1
(
x−11 δ
(
x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
·Y (v, (x1, ϕ+1 , ϕ−1 ))
)∣∣∣∣
ϕ∓1 =0
=
(
∂
∂ϕ±1
± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
)
Resx1
(
x−11 δ
(
x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
·Y (v, (x2 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 , ϕ+1 , ϕ−1 ))
)∣∣∣∣
ϕ∓1 =0
=
(
∂
∂ϕ±1
± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
)
Y (v, (x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 ))
∣∣∣∣
ϕ∓1 =0
=
(
∂
∂ϕ±1
± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
)(
Y (v, (x2, ϕ
+
1 , ϕ
−
1 )) + (ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
∂
∂x2
Y (v, (x2, ϕ
+
1 , ϕ
−
1 )) + ϕ
+
1 ϕ
−
2 ϕ
−
1 ϕ
+
2
(
∂
∂x2
)2
Y (v, (x2, ϕ
+
1 , ϕ
−
1 ))
)∣∣∣∣
ϕ∓1 =0
=
(
∂
∂ϕ±1
Y (v, (x2, ϕ
+
1 , ϕ
−
1 )) + ϕ
∓
2
∂
∂x2
Y (v, (x2, ϕ
+
1 , ϕ
−
1 ))± ϕ∓2
∂
∂ϕ−1
∂
∂ϕ+1
·Y (v, (x2, ϕ+1 , ϕ−1 ))∓ ϕ+2 ϕ−2
∂
∂ϕ±1
∂
∂x2
Y (v, (x2, ϕ
+
1 , ϕ
−
1 ))
)∣∣∣∣
ϕ∓1 =0
= v±(x2) + ϕ∓2
∂
∂x2
v(x2)± ϕ∓2 v+−(x2)∓ ϕ+2 ϕ−2
∂
∂x2
v±(x2)
=
(
∂
∂ϕ±2
+ ϕ∓2
∂
∂x2
)
Y (v, (x2, ϕ
+
2 , ϕ
−
2 )).

Remark 2.3. The D±-derivative properties (2.17) show that the operators D± ∈
(End V )1 correspond to the N = 2 superconformal operators D± as defined in
(1.38); see Remark 1.7. In fact this is one of the main motivations for adding the
odd formal variables to the notion of vertex superalgebra. The inclusion of odd
formal variables in the notion of vertex operator superalgebra was first done in the
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N = 1 case in [B1] (see also [B2]–[B5]), motivated by the supergeometry of genus-
zero, holomorphic, N = 1 superconformal field theory. The rigorous correspondence
between this geometry and N = 1 Neveu-Schwarz vertex operator superalgebras
was developed in [B1]–[B5]. In Section 4.3, we will present the notion of N = 2
vertex superalgebra without odd formal variables and show that the category of
such objects is isomorphic to the category of N = 2 vertex superalgebras with odd
formal variables. Thus although the notion above has an equivalent counterpart
without the odd formal variables, in adding the formal variables the correspondence
with the underlying superconformal theory is emphasized. We will discuss this
correspondence with the geometry further in Section 2.2, and then in Sections 5
and 6 we show that there are other superconformal settings which will motivate
other ways of formulating an equivalent notion of N = 2 vertex superalgebra which
incorporates odd formal variables.
As a consequences of Proposition 2.2, and the fact that
(2.18)
[
D+, D−
]
=
[
∂
∂ϕ+
+ ϕ−
∂
∂x
,
∂
∂ϕ−
+ ϕ+
∂
∂x
]
= 2
∂
∂x
,
we have that
(2.19) Y ([D+,D−]v, (x, ϕ+, ϕ−)) = 2 ∂
∂x
Y (v, (x, ϕ+, ϕ−)).
Thus we have the following corollary to Proposition 2.2:
Corollary 2.4. Let V be an N = 2 vertex superalgebra with two odd formal vari-
ables. Let D± be defined by (2.16), and let D be the even endomorphisms of V
defined by
(2.20) D = 1
2
[D+,D−].
Then
(2.21) Y (Dv, (x, ϕ+, ϕ−)) = ∂
∂x
Y (v, (x, ϕ+, ϕ−)).
Furthermore, we have
(2.22) D(v) = v−21.
Proof. Since (2.21) follows from (2.19), we need only prove equation (2.22). From
the D±-derivative properties (2.17), we have
(2.23) (D±v)∓
n− 12
= ±v+−n−1 − nvn−1.
Thus
D(v) = 1
2
(D+D− +D−D+)v = 1
2
(
(D−v)+− 321+ (D
+v)−− 32
1
)
=
1
2
(
(−v+−−2 + v−2)1+ (v+−−2 + v−2)1
)
= v−21.

Remark 2.5. Proposition 2.2 and Corollary 2.4 show that an N = 2 vertex super-
algebra with two odd formal variables is naturally a representation of ospV
∗
(2|2)<0
under the isomorphism D± 7→ G±−1/2 and D 7→ L−1; see Remark 1.2.
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Note that as a consequence of Proposition 2.2 and Corollary 2.4, we have
(2.24) D±(1) = D(1) = 0.
From Proposition 1.9 and the D±- and D-derivative properties (2.17) and (2.21),
we have
Y (ex0D+ϕ
+
0 D++ϕ−0 D−v, (x, ϕ+, ϕ−))(2.25)
= e
x0
∂
∂x+ϕ
+
0
“
∂
∂ϕ+
+ϕ− ∂∂x
”
+ϕ−0
“
∂
∂ϕ−+ϕ
+ ∂
∂x
”
Y (v, (x, ϕ+, ϕ−))
= Y (v, (x + x0 + ϕ
+
0 ϕ
− + ϕ−0 ϕ
+, ϕ+0 + ϕ
+, ϕ−0 + ϕ
−)).
From the creation property and (2.25), we have
(2.26) exD+ϕ
+D++ϕ−D−v = Y (v, (x, ϕ+, ϕ−))1.
Remark 2.6. The left-hand side of the Jacobi identity (2.10) is invariant under
the transformation
(2.27)
(u, v, x0, x1, x2, ϕ
+
1 , ϕ
−
1 , ϕ
+
2 , ϕ
−
2 )←→ ((−1)η(u)η(v)v, u,−x0, x2, x1, ϕ+2 , ϕ−2 , ϕ+1 , ϕ−1 ).
Thus the right-hand side of the Jacobi identity must be symmetric with respect to
this also.
Proposition 2.7. (skew supersymmetry) Let V be an N = 2 vertex superalge-
bra with two odd formal variables. Recall the operators D± defined in Proposition
2.2, and let D = 12 [D+,D−] as in (2.20). Then
(2.28) Y (u, (x, ϕ+, ϕ−))v = (−1)η(u)η(v)exD+ϕ+D++ϕ−D−Y (v, (−x,−ϕ+,−ϕ−))u
for u, v of homogeneous sign in V .
Proof. Using the symmetry of the left-hand side of the Jacobi identity as noted in
Remark 2.6, property (1.36), and (2.25), we have
x−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))
= (−1)η(u)η(v)x−11 δ
(
x2 + x0 − ϕ+2 ϕ−1 − ϕ−2 ϕ+1
x1
)
Y (Y (v, (−x0, ϕ+2 − ϕ+1 , ϕ−2
−ϕ−1 ))u, (x1, ϕ+1 , ϕ−1 ))
= (−1)η(u)η(v)x−11 δ
(
x2 + x0 − ϕ+2 ϕ−1 − ϕ−2 ϕ+1
x1
)
Y (Y (v, (−x0, ϕ+2 − ϕ+1 , ϕ−2
−ϕ−1 ))u, (x2 + x0 − ϕ+2 ϕ−1 − ϕ−2 ϕ+1 , ϕ+1 , ϕ−1 ))
= (−1)η(u)η(v)x−11 δ
(
x2 + x0 − ϕ+2 ϕ−1 − ϕ−2 ϕ+1
x1
)
Y (ex0D+(ϕ
+
1 −ϕ+2 )D++(ϕ−1 −ϕ−2 )D−
Y (v, (−x0, ϕ+2 − ϕ+1 , ϕ−2 − ϕ−1 ))u, (x2, ϕ+2 , ϕ−2 )).
Taking Resx1 and using (1.33), we have
Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))
= (−1)η(u)η(v)Y (ex0D+(ϕ+1 −ϕ+2 )D++(ϕ−1 −ϕ−2 )D−Y (v, (−x0, ϕ+2
− ϕ+1 , ϕ−2 − ϕ−1 ))u, (x2, ϕ+2 , ϕ−2 )).
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Then acting on 1, taking the limit as (x2, ϕ
+
2 , ϕ
−
2 ) goes to zero, and using the
creation property (2.9), the result follows. 
We also have the following bracket formulas involving D± and D:
Proposition 2.8. Let V be an N = 2 vertex superalgebra with two odd formal
variables, and let D± and D be defined by (2.16) and (2.20), respectively. Then for
v ∈ V the following D±- and D-bracket-derivative properties hold[D±, Y (v, (x, ϕ+, ϕ−))] = ( ∂
∂ϕ±
− ϕ∓ ∂
∂x
)
Y (v, (x, ϕ+, ϕ−))(2.29)
[D, Y (v, (x, ϕ+, ϕ−))] = ∂
∂x
Y (v, (x, ϕ+, ϕ−)),(2.30)
and the following D±- and D-bracket properties hold[D±, Y (v, (x, ϕ+, ϕ−))] = Y (D±v, (x, ϕ+, ϕ−))(2.31)
− 2ϕ∓Y (Dv, (x, ϕ+, ϕ−))[D, Y (v, (x, ϕ+, ϕ−))] = Y (Dv, (x, ϕ+, ϕ−)).(2.32)
Proof. Let T = xD + ϕ+D+ + ϕ−D−. Note that [D±,D] = [D±,D±] = 0. Thus
since (∂/∂x)T = D, we have
(2.33)
∂
∂x
eT = DeT + eT ∂
∂x
.
However since (∂/∂ϕ±)T = D±, we have that for n ∈ N,
∂
∂ϕ±
T n = D±T n−1 +
n−1∑
k=1
(
[T k,D±]T n−1−k +D±T n−1)+ T n ∂
∂ϕ±
=
n−1∑
k=0
(
2kϕ∓DT k−1T n−1−k +D±T n−1)+ T n ∂
∂ϕ±
= n(n− 1)ϕ∓DT n−2 + nD±T n−1 + T n ∂
∂ϕ±
,
and thus
(2.34)
∂
∂ϕ±
eT = (ϕ∓D +D±)eT + eT ∂
∂ϕ±
.
Therefore for u, v ∈ V of homogeneous sign in V , using skew supersymmetry (2.28),
equations (2.33) and (2.34), and the D±-derivative properties (2.17), we obtain(
∂
∂ϕ±
− ϕ∓ ∂
∂x
)
Y (u, (x, ϕ+, ϕ−))v
= (−1)η(v)η(u)
(
∂
∂ϕ±
− ϕ∓ ∂
∂x
)
exD+ϕ
+D++ϕ−D−Y (v, (−x,−ϕ+,−ϕ−))u
= (−1)η(v)η(u)
((
ϕ∓D +D± − ϕ∓D
)
exD+ϕ
+D++ϕ−D−Y (v, (−x,−ϕ+,−ϕ−))u
+ exD+ϕ
+D++ϕ−D−
(
∂
∂ϕ±
− ϕ∓ ∂
∂x
)
Y (v, (−x,−ϕ+,−ϕ−))u
)
= (−1)η(v)η(u)
(
D±exD+ϕ+D++ϕ−D−Y (v, (−x,−ϕ+,−ϕ−))u
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− exD+ϕ+D++ϕ−D−
(
∂
∂(−ϕ±) + (−ϕ
∓)
∂
∂(−x)
)
Y (v, (−x,−ϕ+,−ϕ−))u
)
= (−1)η(v)η(u)
(
D±exD+ϕ+D++ϕ−D−Y (v, (−x,−ϕ+,−ϕ−))u
− exD+ϕ+D++ϕ−D−Y (D±v, (−x,−ϕ+,−ϕ−))u
)
= D±Y (u, (x, ϕ+, ϕ−))v − (−1)η(u)Y (u, (x, ϕ+, ϕ−))D±v
=
[D±, Y (u, (x, ϕ+, ϕ−))] v.
Using these D±-bracket properties and the D-derivative property (2.21), we have
∂
∂x
Y (u, (x, ϕ+, ϕ−))
= −1
2
[
∂
∂ϕ−
− ϕ+ ∂
∂x
,
∂
∂ϕ+
− ϕ− ∂
∂x
]
Y (u, (x, ϕ+, ϕ−))
=
1
2
(
[D+, [D−, Y (u, (x, ϕ+, ϕ−))]] + [D−, [D+, Y (u, (x, ϕ+, ϕ−))]])
= [
1
2
[D+,D−], Y (u, (x, ϕ+, ϕ−))]
= [D, Y (u, (x, ϕ+, ϕ−))].
Finally (2.31) and (2.32) follow from the D±- and D-derivative properties (2.17)
and (2.21), respectively. 
Making repeated use of the D± -and D-bracket properties (2.31) and (2.32), and
using (2.25), we have
ex0DY (v, (x, ϕ+, ϕ−))e−x0D = Y (ex0Dv, (x, ϕ+, ϕ−))(2.35)
= Y (v, (x + x0, ϕ
+, ϕ−))
eϕ
+
0 D+Y (v, (x, ϕ+, ϕ−))e−ϕ
+
0 D+ = Y (eϕ
+
0 D++2ϕ−ϕ+0 Dv, (x, ϕ+, ϕ−))(2.36)
= Y (v, (x + ϕ−ϕ+0 , ϕ
+ + ϕ+0 , ϕ
−))
eϕ
−
0 D−Y (v, (x, ϕ+, ϕ−))e−ϕ
−
0 D− = Y (eϕ
−
0 D−+2ϕ+ϕ−0 Dv, (x, ϕ+, ϕ−))(2.37)
= Y (v, (x + ϕ+ϕ−0 , ϕ
+, ϕ− + ϕ−0 )).
By the Campbell-Baker-Hausdorff formula (cf. [BHL]), we have
(2.38) ex0D+ϕ
+
0 D++ϕ−0 D− = e(x0+ϕ
+
0 ϕ
−
0 )Deϕ
+
0 D+eϕ
−
0 D− ,
and thus we have the following corollary to Proposition 2.8:
Corollary 2.9. Let V be an N = 2 vertex superalgebra with two odd formal vari-
ables, and let D± and D be defined by (2.16) and (2.20), respectively. Then for
v ∈ V
ex0D+ϕ
+
0 D++ϕ−0 D−Y (v, (x, ϕ+, ϕ−))e−x0D−ϕ
+
0 D+−ϕ−0 D−(2.39)
= Y (e(x0+2ϕ
+ϕ−0 +2ϕ
−ϕ+0 )D+ϕ+0 D++ϕ−0 D−v, (x, ϕ+, ϕ−))
= Y (v, (x + x0 + ϕ
+ϕ−0 + ϕ
−ϕ+0 , ϕ
+ + ϕ+0 , ϕ
− + ϕ−0 )).
Formulas (2.32) and (2.31) imply that if we let Y (v, x) = Y (v, (x, ϕ+, ϕ−))|ϕ+=ϕ−=0,
then
(2.40) [D, Y (v, x)] = Y (Dv, x), and [D±, Y (v, x)] = Y (D±v, x).
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Continuing to use this notation, we have from the D±-bracket formulas (2.29)–
(2.32), that
(2.41) Y (v, (x, ϕ+, ϕ−)) =
∑
n∈Z
(
vn + ϕ
+[D+, vn] + ϕ−[D−, vn]
+
1
2
ϕ+ϕ−
(
[D−, [D+, vn]]− [D+, [D−, vn]]
))
x−n−1,
i.e.,
v±n−1/2 = [D±, vn](2.42)
v+−n−1 =
1
2
(
[D−, [D+, vn]]− [D+, [D−, vn]]
)
(2.43)
= [D−, [D+, vn]]− [D, vn].
Using (2.40), this is equivalent to
(2.44) v±n−1/2 = (D±v)n, and v+−n−1 =
1
2
(
(D−D+v)n − (D+D−v)n
)
,
i.e.,
(2.45) Y (v, (x, ϕ+, ϕ−)) = Y (v, x) + ϕ+Y (D+v, x) + ϕ−Y (D−v, x)
+
1
2
ϕ+ϕ−Y ((D−D+ −D+D−)v, x).
Remark 2.10. In Section 5 we will show that the notion of N = 2 vertex super-
algebra is, for instance, equivalent to the notion of “NK = 2 SUSY vertex algebra”
in [HK] and [He], see Remark 5.9, but is not equivalent to the notion of “N = 2
superconformal vertex algebra” given in [K2].
Finally, we note that taking Resx1 of the supercommutator formula (2.13), we
find that for u, v ∈ V and n ∈ Z, we have for instance
[u0, vn] = (u0v)n(2.46) [
u±− 12
, v±
n− 12
]
= (−1)η(u)+1(u±− 12 v)
±
n− 12
(2.47) [
u+−−1 , v
+−
n
]
= (u+−−1 v)
+−
n(2.48)
and in particular,
[u0, v0] = (u0v)0(2.49) [
u±− 12
, v±− 12
]
= (−1)η(u)+1(u±− 12 v)
±
− 12
(2.50) [
u+−−1 , v
+−
−1
]
= (u+−−1 v)
+−
−1 .(2.51)
Thus the operators u0 form a Lie superalgebra, as do the operators u
+
−1/2, the
operators u−−1/2, and the operators u
+−
−1 , respectively.
2.2. The notion of N = 2 Neveu-Schwarz vertex operator superalgebra
with two odd formal variables.
Definition 2.11. An N = 2 Neveu-Schwarz vertex operator superalgebra over
∧
∗
and with two odd variables is a 12Z-graded
∧
∗-module (graded by weights)
(2.52) V =
∐
n∈ 12Z
V(n)
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such that
(2.53) dimV(n) <∞ for n ∈ 12Z,
(2.54) V(n) = 0 for n sufficiently negative,
equipped with an N = 2 vertex superalgebra structure (V, Y (·, (x, ϕ+, ϕ−)),1), and
a distinguished homogeneous vector µ ∈ V 0(1) (the N = 2 Neveu-Schwarz element
or N = 2 superconformal element)), satisfying the following conditions: the N = 2
Neveu-Schwarz algebra relations hold:
[L(m), L(n)] = (m− n)L(m+ n) + 1
12
(m3 −m)δm+n,0 cV(2.55)
[J(m), J(n)] =
1
3
mδm+n,0 cV(2.56)
[L(m), J(n)] = −nJ(m+ n),(2.57) [
L(m), G±(n+ 1/2)
]
=
(m
2
− n− 1
2
)
G±(m+ n+ 1/2)(2.58) [
J(m), G±(n+ 1/2)
]
= ±G±(m+ n+ 1/2)(2.59) [
G±(m+ 1/2), G±(n+ 1/2)
]
= 0(2.60) [
G+(m+ 1/2), G−(n− 1/2)] = 2L(m+ n) + (m− n+ 1)J(m+ n)(2.61)
+
1
3
(m2 +m)δm+n,0 cV ,
for m,n ∈ Z, where
J(n) = µn, ∓G±(n− 1/2) = µ±n− 12 , and − 2L(n) = µ
+−
n ,(2.62)
i.e.,
(2.63) Y (µ, (x, ϕ+, ϕ−)) =
∑
n∈Z
(
J(n)x−n−1 − ϕ+G+(n+ 1/2)x−n−2
+ ϕ−G−(n+ 1/2)x−n−2 − 2ϕ+ϕ−L(n)x−n−2
)
and cV ∈ C (the central charge); for n ∈ 12Z and v ∈ V(n)
(2.64) L(0)v = nv
and in addition, V(n) is the direct sum of eigenspaces for J(0) such that if v ∈ V(n)
is also an eigenvector for J(0) with eigenvalue k, i.e., if
(2.65) J(0)v = kv, then k ≡ 2n mod 2;
and finally, the G±(−1/2)-derivative properties hold:
(2.66)
(
∂
∂ϕ±
+ ϕ∓
∂
∂x
)
Y (v, (x, ϕ+, ϕ−)) = Y (G±(−1/2)v, (x, ϕ+, ϕ−)).
The N = 2 Neveu-Schwarz vertex operator superalgebra just defined is denoted
by
(V, Y (·, (x, ϕ+, ϕ−)),1, µ),
or for simplicity by V .
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Remark 2.12. In the physics literature, when a system of fields is said to be “N =
2 supersymmetric”, this is denoted by specifying the “energy momentum stress
tensor” which is the vertex operator corresponding to µ (2.63). However, often a
slightly different basis is used for the N = 2 Neveu-Schwarz algebra and a different
normalization for the variables then we have used above. Thus in for instance [P]
and [YZ], we see that letting Tn = (1/2)J(n), for n ∈ Z, Gr = G+(r) and G¯r =
G−(r), for r ∈ 12 + Z, C2 = cV /3, θ = i
√
2ϕ−, and θ¯ = −i√2ϕ+, then the vertex
operator corresponding to the N = 2 superconformal element µ given by equation
(5) in [P] and equation (2.13) in [YZ] is exactly (2.63). Moreover, using these
substitutions, the “operator product expansion” which we give below in (3.25) for
the vertex operator corresponding to µ is exactly that given in [YZ]. This operator
product expansion is a way of encoding the N = 2 Neveu-Schwarz algebra relations
(2.55)–(2.61). In addition to the commonly used notation mentioned above, one
often encounters the switching of the notation for the variables corresponding to
ϕ± 7→ −ϕ∓ as in [MuSS]. Such changes in notational convention do not correspond
to an N = 2 superconformal change of variables in the spirit of [B6] and do not
arise from the automorphisms of the N = 2 Neveu-Schwarz algebra as discussed
in Remark 2.16 below. Our choice of notation has more to do with the aesthetics
arising from the mathematics rather than with the mathematics itself.
Remark 2.13. Our formulation of the notion of N = 2 Neveu-Schwarz vertex
operator superalgebra with two odd formal variables is equivalent to that given
in [HM] under the relabeling of coordinates such that their ϕ± is our iϕ± and
their G±(n− 1/2) is our ±iG±(n− 1/2), and as long as one judiciously interprets
the transformation of coordinates from nonhomogeneous to homogeneous (as is
discussed below in Section 5). However, in [HM] the equation for how the vertex
operators with odd variables are constructed from vertex operators without odd
variables is only given in the nonhomogeneous coordinates and has a sign typo.
The vertex operator corresponding to µ has a couple of sign typos as well; see
Remark 5.13. Finally we note that in the coordinates used in [HM], the G±(−1/2)-
derivative properties are then given by Y (G±(−1/2)v, (x, ϕ+, ϕ−)) = ∓
(
∂
∂ϕ± −
ϕ∓ ∂∂x
)
Y (v, (x, ϕ+, ϕ−)), cf. equation (2.66).
For V an N = 2 Neveu-Schwarz vertex operator superalgebra over
∧
∗ for
∧
∗ =∧
0 = C, the Z2-grading is given by
V 0 =
∐
n∈Z
V(n), and V
1 =
∐
n∈Z+ 12
V(n).
Extending V to a vertex operator superalgebra over a general
∧
∗ by
∧
∗⊗V changes
the Z2-grading via (
∧
∗⊗V )0 =
∧0
∗⊗V 0 +
∧1
∗⊗V 1 and (
∧
∗⊗V )1 =
∧1
∗⊗V 0 +∧0
∗⊗V 1.
We have the following consequences of the definition of N = 2 Neveu-Schwarz
vertex operator superalgebra with two odd formal variables: By the creation prop-
erty, (2.63) and the fact that G±(n+ 12 ) for n ≥ −1 generate L(n) for n ≥ −1 and
J(n) for n ≥ 0, we have
(2.67) L(n)1 = J(n+ 1)1 = G±(n+ 1/2)1 = 0, for n ≥ −1.
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By the creation property, we have
(2.68) J(−1)1 = µ−11 = µ.
From (2.63) and the G±(−1/2)-derivative properties (2.66), we have that there
exist two vectors
(2.69) τ (±) = G±(−3/2)1 = ∓G±(−1/2)µ ∈ V 1(3/2)
such that
(2.70) Y (τ (±), (x, ϕ+, ϕ−)) =
∑
n∈Z
(
G±(n+ 1/2)x−n−2 + 2ϕ∓L(n)x−n−2
± (n+ 1)ϕ∓J(n)x−n−2 ± (n+ 2)ϕ+ϕ−G±(n+ 1/2)x−n−3
)
as well as a third vector
(2.71) ω = L(−2)1 = 1
4
(G−(−1/2)τ (+) +G+(−1/2)τ (−)) ∈ V 0(2)
with
(2.72) Y (ω, (x, ϕ+, ϕ−)) =
∑
n∈Z
(
L(n)x−n−2 − 1
2
(n+ 2)ϕ+G+(n+ 1/2)x−n−3
− 1
2
(n+ 2)ϕ−G−(n+ 1/2)x−n−3 − 1
2
(n+ 1)(n+ 2)ϕ+ϕ−J(n)x−n−3
)
.
Using the N = 2 Neveu-Schwarz algebra supercommutation relations (2.55)–
(2.61) as well as (2.67) and (2.68), we see that
Y (µ, (x, ϕ+, ϕ−))µ(2.73)
= J(1)µx−2 − ϕ+G+(−1/2)µx−1 + ϕ−G−(−1/2)µx−1 − 2ϕ+ϕ−L(0)µx−2
− 2ϕ+ϕ−L(−1)µx−1 + y(x, ϕ+, ϕ−)
=
1
3
cV 1x
−2 + ϕ+G+(−3/2)1x−1 + ϕ−G−(−3/2)1x−1 − 2ϕ+ϕ−J(−1)1x−2
− 2ϕ+ϕ−J(−2)1x−1 + y(x, ϕ+, ϕ−)
=
1
3
cV 1x
−2 + ϕ+τ (+)x−1 + ϕ−τ (−)x−1 − 2ϕ+ϕ−µx−2
− 2ϕ+ϕ−L(−1)µx−1 + y(x, ϕ+, ϕ−)
where y(x, ϕ+, ϕ−) ∈ V [[x]][ϕ+, ϕ−].
Using the notation and results of Section 2.1, we observe that the G±(−1/2)-
derivative properties (2.66), the creation property, Proposition 2.2, and Corollary
2.4 imply that
(2.74) G±(−1/2) = D±, and L(−1) = D,
and thus the identities for D± and D of Section 2.1 apply using G±(−1/2) and
L(−1), respectively. That is, we now have the L(−1)-derivative property (2.21),
skew supersymmetry (2.28), the G±(−1/2)- and L(−1)-bracket-derivative proper-
ties (2.29) and (2.30), and the G±(−1/2)- and L(−1)-bracket properties (2.31) and
(2.32) with D± = G±(−1/2) and D = L(−1).
Using (2.67), we have the following special cases of identities using the super-
commutator formula (2.13) with u = ω, u = µ, or u = τ (±), which we will find
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useful later:[
L(0), Y (v, (x, ϕ+, ϕ−))
]
= Y
((
L(0) +
1
2
ϕ+G+(−1/2) + 1
2
ϕ−G−(−1/2)(2.75)
+xL(−1)
)
v, (x, ϕ+, ϕ−)
)
[
J(0), Y (v, (x, ϕ+, ϕ−))
]
= Y
((
J(0) + ϕ+G+(−1/2)− ϕ−G−(−1/2)(2.76)
−2ϕ+ϕ−L(−1)) v, (x, ϕ+, ϕ−))[
G±(1/2), Y (v, (x, ϕ+, ϕ−))
]
= Y
((
G±(1/2)− ϕ∓(2L(0)± J(0))(2.77)
±ϕ+ϕ−G±(−1/2) + xG±(−1/2)
−2xϕ∓L(−1)) v, (x, ϕ+, ϕ−)) .
And of course any other brackets involving N = 2 Neveu-Schwarz algebra elements
can be computed similarly using the supercommutator formula.
Remark 2.14. Recall that by (2.49), the operators u0 form a Lie superalgebra;
denote this Lie superalgebra by L0. By (2.50), the operators u+−1/2 and u−−1/2 also
form two Lie superalgebras; denote these by L+−1/2 and L−−1/2, respectively. Finally,
by (2.51), the operators u+−−1 form a Lie superalgebra; denote this Lie superalgebra
by L+−−1 . Since τ (±)0 = G±(−1/2) = D±, by (2.42) and (2.43), we have that L±−1/2
and L+−−1 are subalgebras of L0.
We will use the notation wt v = n for v ∈ V satisfying L(0)v = nv, and wtJ v = n
for v ∈ V satisfying J(0)v = nv. Note that by (2.67), we have
(2.78) wt 1 = wtJ 1 = 0,
and using the N = 2 Neveu-Schwarz relations along with (2.68), we have
(2.79) wtJ µ = 0.
From (2.75), and using the L(−1)- andG±(−1/2)-derivative properties we obtain
the following:
wt vn = wt v
+−
n = wt v − n− 1,(2.80)
wt v±
n− 12
= wt v −
(
n− 1
2
)
− 1,(2.81)
for n ∈ Z and for v ∈ V of homogeneous weight. From (2.76), and using the L(−1)-
and G±(−1/2)-derivative properties we obtain the following:
wtJ vn = wt
J v+−n = wt
J v(2.82)
wtJ v±
n− 12
= wtJ v ± 1(2.83)
for n ∈ Z and for v ∈ V of homogeneous weight with respect to the J(0) grading.
For v of homogeneous L(0)-weight in V , let x
2L(0)
0 v = x
2wt v
0 , and for v of homo-
geneous J(0)-weight, let x
J(0)
0 v = x
wtJ v
0 . As a consequence of the above L(0)- and
J(0)-grading properties (2.80) - (2.83), we have the following
x
2L(0)
0 Y (v, (x, ϕ
+, ϕ−))x−2L(0)0 = Y (x
2L(0)
0 v, (x
2
0x, x0ϕ
+, x0ϕ
−))(2.84)
x
J(0)
0 Y (v, (x, ϕ
+, ϕ−))x−J(0)0 = Y (x
J(0)
0 v, (x, x0ϕ
+, x−10 ϕ
−)).(2.85)
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Let (V1, Y1(·, (x, ϕ+, ϕ−)),11, µ1) and (V2, Y2(·, (x, ϕ+, ϕ−)),12, µ2) be two N =
2 Neveu-Schwarz vertex operator superalgebras with two odd formal variables. A
homomorphism of N = 2 Neveu-Schwarz vertex operator superalgebras with two odd
formal variables is an N = 2 vertex superalgebra homomorphism γ : V1 −→ V2
such that γ(µ1) = µ2.
We note that this last condition implies that γ is grade-preserving for the three
gradings: sign, L(0)-weight, and J(0)-weight. That is γ : (V1)
j
(n) −→ (V2)j(n) for
n ∈ 12Z, and j ∈ Z2 and if J(0)v = kv for v ∈ V1, and k ∈ Z, then J(0)γ(v) = kγ(v).
In addition, V1 and V2 must have the same central charge.
For a, b ∈ (∧0∗)× let
γ(a,b) : V −→ V(2.86)
v 7→ a2L(0)bJ(0)v.
Then γ(a,b) is a bijection, with γ
−1
(a,b) = γ(a−1,b−1). Note that by (2.78) and (2.79),
we have that γ(a,b)1 = 1 and γ(a,b)µ = a
2µ. From (2.84) and (2.85), we have that
(2.87) γ(a,b) ◦ Y (v, (x, ϕ+, ϕ−)) ◦ γ−1(a,b) = Y (γ(a,b)(v), (a2x, abϕ+, ab−1ϕ−)).
Thus we have the following lemma:
Lemma 2.15. Let (V, Y (·, (x, ϕ+, ϕ−)),1, µ) be an N = 2 Neveu-Schwarz vertex
operator superalgebra. Then (V, Y (·, (a2x, abϕ+, ab−1ϕ−)),1, a2µ) is isomorphic to
(V, Y (·, (x, ϕ+, ϕ−)),1, µ), for a, b ∈ (∧0∗)× .
Remark 2.16. Given an N = 2 Neveu-Schwarz vertex operator superalgebra
(V, Y (·, (x, ϕ+, ϕ−)),1, µ), the automorphisms of the N = 2 Neveu-Schwarz al-
gebra (1.7)–(1.9), give rise to the following N = 2 Neveu-Schwarz vertex operator
superalgebras which are isomorphic to (V, Y (·, (x, ϕ+, ϕ−)),1, µ): We have the fol-
lowing family of N = 2 Neveu-Schwarz vertex operator superalgebras which have
the same N = 2 Neveu-Schwarz algebra element µ
(2.88) (V, Y (·, (x, ϕ+, ϕ−)),1, µ) ∼= (V, Y (·, (x, bϕ+, b−1ϕ−)),1, µ)
for b ∈ (∧0∗)× and correspond to the isomorphisms γ(1,b) defined in (2.86). In
addition, we have the isomorphism
(2.89) (V, Y (·, (x, ϕ+, ϕ−)),1, µ) ∼= (V, Y (·, (x, ϕ−, ϕ+)),1,−µ)
which does not preserve the N = 2 Neveu-Schwarz algebra element but does pre-
serve the “Virasoro element” ω = L(−2)1. And of course, the composition of
these two isomorphisms gives the following continuous family of isomorphic N = 2
Neveu-Schwarz vertex operator superalgebras which preserve ω but not µ
(2.90) (V, Y (·, (x, ϕ+, ϕ−)),1, µ) ∼= (V, Y (·, (x, b−1ϕ−, bϕ+)),1,−µ)
for b ∈ (∧0∗)×. Cf. Remark 3.2 of [B3].
We have formulated the notion of N = 2 Neveu-Schwarz vertex operator su-
peralgebra with two odd formal variables so as to emphasis the relationship to
the underlying supergeometry of propagating worldsheets in N = 2 superconfor-
mal field theory (cf. Remark 2.3). In [B7], we define the moduli space of N = 2
super-Riemann spheres with tubes. In analogy to the author’s work on the geomet-
ric interpretation of N = 1 Neveu-Schwarz vertex operator superalgebras [B1]–[B5],
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we plan in subsequent work to show that the there is a sewing operator on the mod-
uli space of N = 2 super-Riemann spheres with tubes and that this along with the
action of the symmetric groups defined in [B7] gives the moduli space the structure
of a partial-pseudo operad [MaSS], in analogy to the non-super case [HL1], [HL2]
and the N = 1 super case [B4], [B5]. Then we will show that the category of N = 2
Neveu-Schwarz vertex operator superalgebras is isomorphic to the category of al-
gebras over this partial-pseudo operad. One can already see some aspects of the
correspondence with the geometry of N = 2 super-Riemann spheres with tubes in
that such objects are topological superspaces whose transition functions are N = 2
superconformal, meaning they transform the superdifferential operatorsD± defined
by (1.38) homogeneously of degree one; see Remark 1.7. As noted in Remark 2.3
the D± = G±(−1/2)-derivative properties in the notion of N = 2 (Neveu-Schwarz)
vertex (operator) superalgebra with two odd formal variables show some of the
correspondence with the notion of N = 2 superconformality. In addition, here we
note that in [B7] we prove the following proposition:
Proposition 2.17. ([B7]) Let Z+ denote the positive integers. There is a bijection
between formal N = 2 superconformal functions vanishing at zero and invertible in
a neighborhood of zero and expressions of the form
(2.91)
exp
(
−
∑
n∈Z+
(
A+nLn(x, ϕ
+, ϕ−) + A−n Jn(x, ϕ
+, ϕ−) +M+
n− 12
G+
n− 12
(x, ϕ+, ϕ−)
+M−
n− 12
G−
n− 12
(x, ϕ+, ϕ−)
))
· (a+0 )−2L0(x,ϕ
+,ϕ−) · (a−0 )−J0(x,ϕ
+,ϕ−) · (x, ϕ+, ϕ−)
for (a+0 , a
−
0 ) ∈ ((
∧0
∗)
×)2/〈(−1,−1)〉, and A±n ∈
∧0
∗ and M
±
n−1/2 ∈
∧1
∗, for n ∈ Z+,
where
Ln(x, ϕ
+, ϕ−) = −
(
xn+1
∂
∂x
+
(n+ 1
2
)
xn
(
ϕ+
∂
∂ϕ+
+ ϕ−
∂
∂ϕ−
))
(2.92)
Jn(x, ϕ
+, ϕ−) = −xn
(
ϕ+
∂
∂ϕ+
− ϕ− ∂
∂ϕ−
)
(2.93)
G±
n− 12
(x, ϕ+, ϕ−) = −
(
xn
( ∂
∂ϕ±
− ϕ∓ ∂
∂x
)
± nxn−1ϕ+ϕ− ∂
∂ϕ±
)
(2.94)
are superderivations in Der(
∧
∗[[x, x
−1]][ϕ+, ϕ−]), for n ∈ Z, which give a repre-
sentation of the N = 2 Neveu-Schwarz algebra with central charge zero; that is
(2.92)–(2.94) satisfy (1.2)–(1.6) with d = 0. Similarly, there is a bijection between
formal N = 2 superconformal functions vanishing at (∞, 0, 0) and invertible in a
neighborhood of (∞, 0, 0) and expressions of the form
(2.95)
exp
(∑
n∈Z+
(
A+nL−n(x, ϕ
+, ϕ−)−A−n J−n(x, ϕ+, ϕ−) + iM+n− 12G
+
−n+ 12
(x, ϕ+, ϕ−)
+ iM−
n−12
G−−n+ 12
(x, ϕ+, ϕ−)
))
·(a+0 )2L0(x,ϕ
+,ϕ−)·(a−0 )−J0(x,ϕ
+,ϕ−)·
(
1
x
,
iϕ+
x
,
iϕ−
x
)
.
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In light of this proposition, properties such as (2.87) can be rewritten as
(2.96) a2L(0)bJ(0)Y (v, (x, ϕ+, ϕ−))a−2L(0)b−J(0)
= Y (a2L(0)bJ(0)v, a−2L0(x,ϕ
+,ϕ−)b−J0(x,ϕ
+,ϕ−)(x, ϕ+, ϕ−)),
where using (2.92) and (2.93), we have the following N = 2 superconformal change
of variables vanishing at zero and invertible in a neighborhood of zero
a−2L0(x,ϕ
+,ϕ−)b−J0(x,ϕ
+,ϕ−)(x, ϕ+, ϕ−)(2.97)
= a
“
2x ∂∂x+ϕ
+ ∂
∂ϕ+
+ 12ϕ
− ∂
∂ϕ−
”
b
“
ϕ+ ∂
∂ϕ+
−ϕ− ∂
∂ϕ−
”
(x, ϕ+, ϕ−)
= (a2x, abϕ+, ab−1ϕ−).
Another example of change of variables interpretation is that (2.39) can be ex-
pressed as
ex0L(−1)+ϕ
+
0 G
+(−1/2)+ϕ−0 G−(−1/2)Y (v, (x, ϕ+, ϕ−))(2.98)
·e−x0L(−1)−ϕ+0 G+(−1/2)−ϕ−0 G−(−1/2)
= Y (v, e
−x0L−1(x,ϕ+,ϕ−)−ϕ+0 G+−1/2(x,ϕ+,ϕ−)−ϕ
−
0 G
−
−1/2(x,ϕ
+,ϕ−)
(x, ϕ+, ϕ−)).
Remark 2.18. We see from the discussion above that one can think of (2.96) and
(2.98) as a change of variables formulas related to certain changes of variables of
the form (2.91) or (2.95), respectively. This leads to the question of what are the
change of variables formulas for a general change of variables of the form (2.91),
or a change of variables that vanishes at infinity instead of zero (cf. [B7]). In the
nonsuper case in [H2], change of variables formulas for a general conformal change
of variables for a vertex operator algebra were given and certain convergences were
also proved. These formulas were derived from the sewing together of spheres
with tubes arising from the worldsheet geometry underlying conformal field theory
and the correspondence between the geometry of spheres with tubes and a sewing
operation and the notion of vertex operator algebra. In [B6], the change of variables
formulas for a general N = 1 superconformal change of variables for an N = 1
Neveu-Schwarz vertex operator superalgebra were given and the convergence of the
correlation functions that arise was proved given the convergence of the change of
variables. This work used the sewing together of N = 1 superspheres with tubes
arising from the worldsheet geometry underlying N = 1 superconformal field theory
and the correspondence between the geometry of N = 1 superspheres with tubes
and a sewing operation and the notion of N = 1 Neveu-Schwarz vertex operator
superalgebra as developed in [B1]–[B5]. In [He], Heluani gives change of variables
formulas for a certain subset of superconformal change of variables vanishing at
zero for N = 1, 2 assuming the version of Proposition 2.17 in the nonhomogeneous
coordinate system, Proposition 5.18 below. As mentioned above, the change of
variables formulas had already been proven by the author for the N = 1 case in
[B6] along with more general change of variables formulas and in addition questions
of convergence of the resulting correlations functions were addressed. This was
achieved not only by using the underlying supergeometry as developed in [B1]–[B5]
as motivation, but by using the actual results of this work.
Recalling (2.73) we have the following proposition which is useful in proving
whether an N = 2 vertex superalgebra is an N = 2 Neveu-Schwarz vertex operator
superalgebra.
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Proposition 2.19. Let (V, Y (·, (x, ϕ+, ϕ−)),1) be an N = 2 vertex superalgebra
and let D± and D be defined by (2.16) and (2.20), respectively. If µ ∈ V , satisfies
(2.99) Y (µ, (x, ϕ+, ϕ−))µ =
1
3
c1x−2 − ϕ+D+µx−1 + ϕ−D−µx−1
− 2ϕ+ϕ−µx−2 − 2ϕ+ϕ−Dµx−1 + y(x, ϕ+, ϕ−)
for some c ∈ C and y ∈ V [[x]][ϕ+, ϕ−], that is if
µ1µ =
1
3
c1(2.100)
µ±− 12
µ = ∓D±µ = ∓µ±− 321(2.101)
µ+−0 µ = −2µ(2.102)
µ+−−1 µ = −2Dµ = −2µ−21(2.103)
and
(2.104) µn−1µ = µ±n− 12
µ = µ+−n µ = 0 for n ≥ 1,
then defining L(n), J(n), G±(n−1/2) ∈ EndV , for n ∈ Z, by µn = J(n), µ±n−1/2 =
∓G±(n − 1/2), and µ+−n = −2L(n), we have that L(n), J(n), and G±(n − 1/2)
satisfy the relations for the N = 2 Neveu-Schwarz algebra (2.55)–(2.61) with central
charge c.
Proof. By Proposition 2.2 and Corollary 2.4, we have that the D±- andD-derivative
properties (2.17) and (2.21) hold. Using these derivative properties, the supercom-
mutator formula (2.13), and the δ-function identity (1.33), we have that if µ ∈ V
satisfies (2.99), then for k ∈ Z,
Resx1x
k
1
[
Y (µ, (x1, ϕ
+
1 , ϕ
−
1 )), Y (µ, (x2, ϕ
+
2 , ϕ
−
2 ))
]
(2.105)
= Resx1x
k
1Resx0x
−1
2 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
·Y (Y (µ, (x0, ϕ+1 − ϕ+2 , ϕ−1 − ϕ−2 ))µ, (x2, ϕ+2 , ϕ−2 ))
= Resx1x
k
1Resx0x
−1
1 δ
(
x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
Y
(1
3
c1x−20
− (ϕ+1 − ϕ+2 )D+µx−10 + (ϕ−1 − ϕ−2 )D−µx−10 − 2(ϕ+1 − ϕ+2 )(ϕ−1
−ϕ−2 )µx−20 − 2(ϕ+1 − ϕ+2 )(ϕ−1 − ϕ−2 )Dµx−10 + y(x0, ϕ+1 − ϕ+2 , ϕ−1
−ϕ−2 ), (x2, ϕ+2 , ϕ−2 )
)
= Resx0(x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
k
(
1
3
cx−20 +
(
−(ϕ+1 − ϕ+2 )x−10
(
∂
∂ϕ+2
+ϕ−2
∂
∂x2
)
+ (ϕ−1 − ϕ−2 )x−10
(
∂
∂ϕ−2
+ ϕ+2
∂
∂x2
)
− 2(ϕ+1 − ϕ+2 )(ϕ−1
−ϕ−2 )x−20 − 2(ϕ+1 − ϕ+2 )(ϕ−1 − ϕ−2 )x−10
∂
∂x2
)
Y (µ, (x2, ϕ
+
2 , ϕ
−
2 ))
)
= (kxk−12 + (ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )k(k − 1)xk−22 + ϕ+1 ϕ−1 ϕ+2 ϕ−2 k(k − 1)(k
− 2)xk−32 )
1
3
c+
(
−(xk2 + (ϕ+1 ϕ−2 + ϕ−1 ϕ+2 )kxk−12 )(ϕ+1 − ϕ+2 )
(
∂
∂ϕ+2
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+ϕ−2
∂
∂x2
)
+ (xk2 + (ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )kx
k−1
2 )(ϕ
−
1 − ϕ−2 )
(
∂
∂ϕ−2
+ϕ+2
∂
∂x2
)
− 2(kxk−12 + (ϕ+1 ϕ−2 + ϕ−1 ϕ+2 )k(k − 1)xk−22 )(ϕ+1
−ϕ+2 )(ϕ−1 − ϕ−2 )− 2(xk2 + (ϕ+1 ϕ−2 + ϕ−1 ϕ+2 )kxk−12 )(ϕ+1 − ϕ+2 )(ϕ−1
−ϕ−2 )
∂
∂x2
)
Y (µ, (x2, ϕ
+
2 , ϕ
−
2 )).
Thus for m,n ∈ Z, we have
[L(m), L(n)] =
1
4
[
µ+−m , µ
+−
n
]
=
1
4
Resx1x
m+1
1
∂
∂ϕ−1
∂
∂ϕ+1
Resx2x
n+1
2
∂
∂ϕ−2
∂
∂ϕ+2
[
Y (µ, (x1, ϕ
+
1 , ϕ
−
1 )),
Y (µ, (x2, ϕ
+
2 , ϕ
−
2 ))
]
=
1
4
∂
∂ϕ−2
∂
∂ϕ+2
Resx2x
n+1
2
(
ϕ+2 ϕ
−
2 (m+ 1)m(m− 1)xm−22 )
1
3
c
+
(
−ϕ+2 (m+ 1)xm2
(
∂
∂ϕ+2
+ ϕ−2
∂
∂x2
)
− ϕ−2 (m+ 1)xm2
(
∂
∂ϕ−2
+ ϕ+2
∂
∂x2
)
− 2(m+ 1)xm2 − 2xm+12
∂
∂x2
)
Y (µ, (x2, ϕ
+
2 , ϕ
−
2 ))
)
=
1
12
(m+ 1)m(m− 1)cδm+n,0 + 1
2
(m+ 1)L(m+ n)
− 1
4
(m+ 1)(−m− n− 1)J(m+ n) + 1
2
(m+ 1)L(m+ n)
+
1
4
(m+ 1)(−m− n− 1)J(m+ n) + (m+ 1)L(m+ n)
+ (−m− n− 2)L(m+ n)
=
1
12
(m3 −m)cδm+n,0 + 2(m+ 1)L(m+ n) + (−m− n− 2)L(m+ n),
[J(m), J(n)] = [µm, µn]
= Resx1x
m
1 Resx2x
n
2
[
Y (µ, (x1, ϕ
+
1 , ϕ
−
1 )), Y (µ, (x2, ϕ
+
2 , ϕ
−
2 ))
]∣∣
ϕ+1 =ϕ
−
1 =ϕ
+
2 =ϕ
−
2 =0
= Resx2x
n
2mx
m−1
2
1
3
c =
1
3
mcδm+n,0,
and[
G+(m+ 1/2), G−(n− 1/2)] = [−µ+
m+ 12
, µ−
n− 12
]
=− ∂
∂ϕ+1
Resx1x
m+1
1
∂
∂ϕ−2
Resx2x
n
2
[
Y (µ, (x1, ϕ
+
1 , ϕ
−
1 )), Y (µ, (x2, ϕ
+
2 , ϕ
−
2 ))
]∣∣∣∣
ϕ−1 =ϕ
+
2 =0
=
∂
∂ϕ−2
Resx2x
n
2
(
ϕ−2 (m+ 1)mx
m−1
2
1
3
c+
(
−xm+12
(
∂
∂ϕ+2
+ ϕ−2
∂
∂x2
)
+2(m+ 1)ϕ−2 x
m
2 + 2ϕ
−
2 x
m+1
2
∂
∂x2
)
Y (µ, (x2, ϕ
+
2 , ϕ
−
2 )
)∣∣∣∣
ϕ+2 =0
=
1
3
(m2 +m)δm+n,0c+ 2L(m+ n)− (−m− n− 1)J(m+ n)
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+2(m+ 1)J(m+ n) + 2(−m− n− 1)J(m+ n)
= 2L(m+ n) + (m− n+ 1)J(m+ n) + 1
3
(m2 +m)δm+n,0c.
The other N = 1 Neveu-Schwarz relations are proved similarly; that is, by taking
the appropriate term in (2.105) and simplifying. 
Remark 2.20. Proposition 2.19 implies that if (V, Y (·, (x, ϕ+, ϕ−)),1) is an N = 2
vertex superalgebra such that there exists an element µ ∈ V satisfying (2.99), and if
in addition V satisfies the L(0)- and J(0)-grading axioms (2.64) and (2.65) and the
G±(−1/2)-derivative properties (2.66), then (V, Y (·, (x, ϕ+, ϕ−)),1, µ) is an N = 2
Neveu-Schwarz vertex operator superalgebra with central charge c.
Remark 2.21. Typically in the physics literature, instead of encoding the N = 2
Neveu-Schwarz algebra relations as we did in equation (2.99), they are encoded
using the “operator product expansion”, which in our formulation with two odd
formal variables is given in Section 3.3, equation (3.25).
3. Supercommutativity and associativity properties
3.1. Weak supercommutativity and weak associativity for N = 2 vertex
superalgebras with two odd formal variables. In this section we show that an
N = 2 vertex superalgebra with two odd formal variables satisfies properties called
“weak supercommutativity” and “weak associativity”. Such properties for vertex
superalgebras without odd formal variables and without superconformal elements
were first formulated and studied for instance in [DL] and [L]. In [B2] and [B3]
we gave the first instance of these properties formulated to include odd formal
variables, namely we formulated the properties of weak supercommutativity and
weak associativity with odd formal variables for an N = 1 Neveu-Schwarz vertex
operator superalgebra with odd formal variables. These properties are referred to
as “weak” supercommutativity and “weak” associativity because in Section 3.3, we
will prove slightly stronger statements about the nature of certain rational functions
associated with products and iterates of vertex operators.
In this section we are following and extending the corresponding results and
arguments of [L] and [B2]; see also [B3] and [LL].
Proposition 3.1. (weak supercommutativity) Let (V, Y (·, (x, ϕ+, ϕ−)),1) be
an N = 2 vertex superalgebra with odd formal variables. There exists k ∈ Z+ such
that
(3.1) (x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )k
[
Y (u, (x1, ϕ
+
1 , ϕ
−
1 )), Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
]
= 0.
Furthermore this weak supercommutativity follows from the truncation condition
(2.5) and the Jacobi identity (2.10).
Proof. Let k ∈ Z+. Taking Resx0xk0 of the Jacobi identity, we have
(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )k
[
Y (u, (x1, ϕ
+
1 , ϕ
−
1 )), Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
]
= Resx0x
−1
2 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
xk0Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1
−ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))
=
∑
n∈Z
Resx0x
−1
2 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
xk0x
−n−1
0 Y ((un + (ϕ
+
1 − ϕ+2 )
34 KATRINA BARRON
·u+
n− 12
+ (ϕ−1 − ϕ−2 )u−n− 12 + (ϕ
+
1 − ϕ+2 )(ϕ−1 − ϕ−2 )u+−n−1)v, (x2, ϕ+2 , ϕ−2 )).
Now using the truncation condition (2.5), choose k such that unv = u
±
n− 12
v =
u+−n v = 0 for all n ∈ Z+, n ≥ k. 
Proposition 3.2. (weak associativity) Let (V, Y (·, (x, ϕ+, ϕ−)),1) be an N = 2
vertex superalgebra with odd formal variables. Then for u,w ∈ V , there exists
k ∈ Z+ such that for any v ∈ V
(3.2)
(x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
kY (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 )v, (x2, ϕ+2 , ϕ−2 ))w
= (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
kY (u, (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 ))
· Y (v, (x2, ϕ+2 , ϕ−2 ))w.
Furthermore this weak associativity follows from the truncation condition (2.5) and
the Jacobi identity (2.10).
Proof. Using the Jacobi identity, the δ-function identities (1.33) and (1.34), and
(1.36), we obtain the following iterate
Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 )v, (x2, ϕ+2 , ϕ−2 ))
= Resx1x
−1
1 δ
(
x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 )v,
(x2, ϕ
+
2 , ϕ
−
2 ))
= Resx1x
−1
2 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 )v,
(x2, ϕ
+
2 , ϕ
−
2 ))
= Resx1
(
x−10 δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
−(−1)η(u)η(v)x−10 δ
(
x2 − x1 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2
−x0
)
Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
·Y (u, (x1, ϕ+1 , ϕ−1 ))
)
= Resx1
(
x−11 δ
(
x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
−(−1)η(u)η(v)Y (v, (x2, ϕ+2 , ϕ−2 ))
(
x−10 δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
− x−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
))
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))
)
= Resx1
(
x−11 δ
(
x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
−(−1)η(u)η(v)Y (v, (x2, ϕ+2 , ϕ−2 ))
(
x−11 δ
(
x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
)
− x−11 δ
(
x2 + x0 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2
x1
))
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))
)
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= Y (u, (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 ))Y (v, (x2, ϕ
+
2 , ϕ
−
2 ))
−(−1)η(u)η(v)Y (v, (x2, ϕ+2 , ϕ−2 ))
(
Y (u, (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 ))
−Y (u, (x2 + x0 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 , ϕ+1 , ϕ−1 ))
)
.
Let k ∈ Z+ be such that xk−2Y (u, (x, ϕ+, ϕ−))w involves only positive powers of
x. Then
(x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
k
(
Y (u, (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 ))
− Y (u, (x2 + x0 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 , ϕ+1 , ϕ−1 ))
)
w = 0
and weak associativity follows. 
Proposition 3.3. In the presence of the other axioms in the definition of N = 2
vertex superalgebra with odd formal variables, the Jacobi identity is equivalent to
weak supercommutativity and weak associativity.
Proof. Propositions 3.1 and 3.2 show that in the presence of the other axioms for
an N = 2 vertex superalgebra with two odd formal variables, the Jacobi identity
implies weak supercommutativity and weak associativity.
Assume weak supercommutativity and weak associativity hold. Let u, v, w,∈ V ,
and choose k ∈ Z+ such that weak supercommutativity (3.1) and weak associativity
(3.2) hold. Then using the δ-function identity (1.34), we have
xk0x
k
1
(
x−10 δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))(3.3)
·Y (v, (x2, ϕ+2 , ϕ−2 ))w − (−1)η(u)η(v)x−10 δ
(
x2 − x1 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2
−x0
)
·Y (v, (x2, ϕ+2 , ϕ−2 ))Y (u, (x1, ϕ+1 , ϕ−1 ))w
)
= x−10 δ
(
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x0
)
xk1(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )k
·Y (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w − (−1)η(u)η(v)x−10
·δ
(
x2 − x1 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2
−x0
)
xk1(−x2 + x1 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )k
·Y (v, (x2, ϕ+2 , ϕ−2 ))Y (u, (x1, ϕ+1 , ϕ−1 ))w
= x−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
xk1(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )k
·Y (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w.
By weak supercommutativity,
xk1(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )kY (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w
involves only nonnegative powers of x1. Thus in this case, we can replace x1 by
x2+x0+ϕ
+
1 ϕ
−
2 +ϕ
−
1 ϕ
+
2 or x0+x2+ϕ
+
1 ϕ
−
2 +ϕ
−
1 ϕ
+
2 . Therefore since weak associativity
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holds for our choice of k, (3.3) is equal to
xk0(x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
kx−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
·Y (u, (x0 + x2 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 , ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w
= x−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
xk0(x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
k
·Y (Y (u, (x0, ϕ+1 − ϕ+2 , ϕ−1 − ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))w
= x−12 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
xk0x
k
1Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))v,
(x2, ϕ
+
2 , ϕ
−
2 ))w
= xk0x
k
1x
−1
2 δ
(
x1 − x0 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
x2
)
Y (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))v,
(x2, ϕ
+
2 , ϕ
−
2 ))w,
which implies the Jacobi identity. 
Theorem 3.4. The Jacobi identity for an N = 2 vertex superalgebra with odd
formal variables follows from weak supercommutativity (3.1) in the presence of the
other axioms together with the D±-bracket-derivative properties (2.29). In partic-
ular, in the definition of the notion of N = 2 vertex superalgebra with odd formal
variables, the Jacobi identity can be replaced by these properties.
Proof. We generalize the proof of Theorem 3.5.1 in [LL] to this setting. Letting
D = 12 [D+,D−], the D±-bracket-derivative properties (2.29) imply the D-bracket-
derivative property since[D, Y (v, (x, ϕ+, ϕ−))]
=
[
1
2
[D+,D−] , Y (v, (x, ϕ+, ϕ−))]
=
1
2
([D+, [D−, Y (v, (x, ϕ+, ϕ−))]]+ [D−, [D+, Y (v, (x, ϕ+, ϕ−))]])
=
1
2
((
∂
∂ϕ−
− ϕ+ ∂
∂x
)(
∂
∂ϕ+
− ϕ− ∂
∂x
)
+
(
∂
∂ϕ+
− ϕ− ∂
∂x
)(
∂
∂ϕ−
−ϕ+ ∂
∂x
))
Y (v, (x, ϕ+, ϕ−))
=
∂
∂x
Y (v, (x, ϕ+, ϕ−)),
for v ∈ V . Repeatedly using the D±- and D-bracket-derivative properties as well
as (2.38) and Proposition 1.9, we have that
exD+ϕ
+D++ϕ−D−Y (v, (x0, ϕ+0 , ϕ
−
0 ))e
−xD−ϕ+D+−ϕ−D−(3.4)
= e
x ∂∂x0
+ϕ+
„
∂
∂ϕ
+
0
+ϕ−0
∂
∂x0
«
+ϕ−
„
∂
∂ϕ
−
0
+ϕ+0
∂
∂x0
«
Y (v, (x0, ϕ
+
0 , ϕ
−
0 ))
= Y (v, (x0 + x+ ϕ
+
0 ϕ
− + ϕ−0 ϕ
+, ϕ+0 + ϕ
+, ϕ−0 + ϕ
−)).
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From the vacuum property (2.7), and the definition of D± (2.16), we have that
D±(1) = 1±−3/21 = 0. This and (3.4), imply that
Y (v, (x0 + x+ ϕ
+
0 ϕ
− + ϕ−0 ϕ
+, ϕ+0 + ϕ
+, ϕ−0 + ϕ
−))1(3.5)
= exD+ϕ
+D++ϕ−D−Y (v, (x0, ϕ+0 , ϕ
−
0 ))e
−xD−ϕ+D+−ϕ−D−1
= exD+ϕ
+D++ϕ−D−Y (v, (x0, ϕ+0 , ϕ
−
0 ))1.
The creation property (2.8), (2.9) implies that we can set x0, ϕ
+
0 , and ϕ
−
0 equal to
zero in (3.5), giving
(3.6) Y (v, (x, ϕ+, ϕ−))1 = exD+ϕ
+D++ϕ−D−v,
(cf. (2.26)).
Let u, v ∈ V . By the truncation condition (2.5), there exists n ∈ N be such that
(3.7) (x1−x2−ϕ+1 ϕ−2 −ϕ−1 ϕ+2 )nY (v, (x2−x1−ϕ+2 ϕ−1 −ϕ−2 ϕ+1 , ϕ+2 −ϕ+1 , ϕ−2 −ϕ−1 ))u
involves only nonnegative powers of x2−x1. Let u, v ∈ V and let k ∈ N with k ≥ n
be such that weak supercommutativity holds. Then using weak supercommutativ-
ity, (3.6) and (3.4), we have
(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )kY (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))1
= (−1)η(u)η(v)(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )kY (v, (x2, ϕ+2 , ϕ−2 ))Y (u, (x1, ϕ+1 , ϕ−1 ))1
= (−1)η(u)η(v)(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )kY (v, (x2, ϕ+2 , ϕ−2 ))ex1D+ϕ
+
1 D++ϕ−1 D−u
= (−1)η(u)η(v)(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )kex1D+ϕ
+
1 D++ϕ−1 D−Y (v, (x2 − x1
−ϕ+2 ϕ−1 − ϕ−2 ϕ+1 , ϕ+2 − ϕ+1 , ϕ−2 − ϕ−1 ))u.
Since (3.7) involves only nonnegative powers of x2 − x1, we may set x2 = 0 and
ϕ±2 = 0. Thus using the creation property, we have
xk1Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))v = (−1)η(u)η(v)xk1ex1D+ϕ
+
1 D++ϕ−1 D−Y (v, (−x1,−ϕ+1 ,−ϕ−1 ))u.
Multiplying both sides by x−k1 , we obtain skew-supersymmetry (2.28).
For any u, v, w ∈ V with v and w of homogeneous sign, let k ∈ N be such that
weak supercommutativity (3.1) holds for u and w. Then using skew supersymmetry
for v and w, the conjugation formula (3.4), weak supercommutativity, and skew
supersymmetry for Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))v and w, we have
(x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
kY (u, (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 ))
·Y (v, (x2, ϕ+2 , ϕ−2 ))w
= (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
kY (u, (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 ))
·(−1)η(v)η(w)ex2D+ϕ+2 D++ϕ−2 D−Y (w, (−x2,−ϕ+2 ,−ϕ−2 ))v
= (−1)η(v)η(w)ex2D+ϕ+2 D++ϕ−2 D−(x0 + x2 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 )kY (u, (x0, ϕ+1 − ϕ+2 ,
ϕ−1 − ϕ−2 ))Y (w, (−x2,−ϕ+2 ,−ϕ−2 ))v
= (−1)η(v)η(w)ex2D+ϕ+2 D++ϕ−2 D−(−1)η(u)η(w)(x0 + x2 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 )kY (w,
(−x2,−ϕ+2 ,−ϕ−2 ))Y (u, (x0, ϕ+1 − ϕ+2 , ϕ−1 − ϕ−2 ))v
= (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
kY (Y (u, (x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 )v, (x2, ϕ+2 , ϕ−2 ))w,
proving weak associativity. By Proposition 3.3, the result follows. 
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Remark 3.5. Theorem 3.4 gives a practical way of determining if a vector space V
equipped with a linear map Y (·, (x, ϕ+, ϕ−)) and a distinguished vector 1 is in fact
an N = 2 vertex superalgebra. All the axioms for an N = 2 vertex superalgebra
are relatively straightforward to check except for the Jacobi identity. The weak
commutativity and the D±-bracket-derivative properties are in practice usually
easier to prove than the Jacobi identity, especially using the theory of local fields
[L]. (See Remark 4.3 and Theorem 4.12 below for why the theory of local fields
for vertex superalgebras as presented in [L] applies.) However, the Jacobi identity
formulation of N = 2 vertex superalgebra allows one to immediately formulate such
useful properties as the commutator and iterate formulas (2.13) and (2.14) (which
themselves can be thought of as encoding an infinite number of formulas) and is
in general much more useful for proving consequences and properties of vertex
superalgebras as we did throughout Section 2, for instance. In fact the single
Jacobi identity contains a wealth of information about the individual components
vn, v
±
n−1/2, v
+−
n ∈ EndV , and is easy to work with in its formal calculus form using
the powerful techniques of formal calculus as presented in for instance [FLM] and
[LL] (cf. Remark 3.1.2. [LL]). Furthermore, we see from Proposition 2.2, Corollary
2.4 and Remark 2.5, that when the odd variables are included in the Jacobi identity,
it naturally imposes a representation of ospV
∗
(2|2)<0 on the vertex superalgebra
reflecting the N = 2 superconformal structure.
3.2. Expansions of rational superfunctions. In order to formulate the notions
of associativity and supercommutativity for N = 2 vertex operators, we will need
to interpret correlation functions of vertex operators with odd formal variables as
expansions of certain rational superfunctions. In this section we follow and extend
the treatment of rational functions as presented in [FHL], and the treatment of
N = 1 rational superfunctions as treated previously by the author in [B2] and [B3].
Let
∧
∗[x1, x2, . . . , xn]P be the ring of rational functions obtained by inverting
(localizing with respect to) the set
P =
{ n∑
i=1
aixi : ai ∈
∧0
∗, not all (ai)B = 0
}
.
Recall the map ιi1...i2 : F[x1, . . . , xn]P −→ F[[x1, x−11 , . . . , xn, x−1n ]] defined in [FLM]
where in [FLM] P is denoted S and the coefficients of elements in S are restricted
to the underlying field (in this case C). We extend this map ιi1...i2 to
(3.8)
∧
∗[x1, x2, . . . , xn]P [ϕ
+
1 , ϕ
−
1 , ϕ
+
2 , ϕ
−
2 , . . . , ϕ
+
n , ϕ
−
n ]
=
∧
∗[x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 , . . . , xn, ϕ
+
n , ϕ
−
2 ]P
in the obvious way (cf. [B3]) obtaining
(3.9) ιi1...i2 :
∧
∗[x1, ϕ
+
1 , ϕ
−
1 , . . . , xn, ϕ
+
n , ϕ
−
n ]P −→∧
∗[[x1, x
−1
1 , . . . , xn, x
−1
n ]][ϕ
+
1 , ϕ
−
1 , . . . , ϕ
+
n , ϕ
−
n ].
Let
∧
∗[x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 , . . . , xn, ϕ
+
n , ϕ
−
n ]P ′ be the ring of rational functions
obtained by inverting the set
P ′ =
{ n∑
i,j=1
i<j
(aixi + a
+
ijϕ
+
i ϕ
−
j + a
−
ijϕ
−
i ϕ
+
j ) : ai, a
±
ij ∈
∧0
∗, not all (ai)B = 0
}
.
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Since we use the convention that a function of even and odd variables should be
expanded about the even variables, we have∧
∗[x1, ϕ
+
1 , ϕ
−
1 , . . . , xn, ϕ
+
n , ϕ
−
n ]P ′ ⊆
∧
∗[x1, ϕ
+
1 , ϕ
−
1 , . . . , xn, ϕ
+
n , ϕ
−
n ]P ,
and ιi1...i2 is well defined on
∧
∗[x1, ϕ
+
1 , ϕ
−
1 , . . . , xn, ϕ
+
n , ϕ
−
n ]P ′ .
In the case n = 2,
ι12 :
∧
∗[x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ]P ′ −→
∧
∗[[x1, x2]][ϕ
+
1 , ϕ
−
1 , ϕ
+
2 , ϕ
−
2 ]
is given by first expanding an element of
∧
∗[x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ]P ′ as a formal
series in
∧
∗[x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ]P and then expanding each term as a series in∧
∗[[x1, x2]][ϕ
+
1 , ϕ
−
1 , ϕ
+
2 , ϕ
−
2 ] containing at most finitely many negative powers of x2
(using binomial expansions for negative powers of linear polynomials involving both
x1 and x2).
3.3. Duality for N = 2 Neveu-Schwarz vertex operator superalgebras with
two odd formal variables. In [B7], we began to develop the geometric founda-
tion necessary to formulate the notion of N = 2 supergeometric vertex operator
superalgebra. In subsequent work we will show that any such object defines an
N = 2 Neveu-Schwarz vertex operator superalgebra with odd formal variables. To
show that the alleged vertex operator superalgebra satisfies the Jacobi identity, we
will need the notions of associativity and supercommutativity for an N = 2 Neveu-
Schwarz vertex operator superalgebra with odd formal variables. Together, these
notions of associativity and (super)commutativity are known as “duality”, a term
which arose from physics.
In fact, it is supercommutativity and associativity which can easily be seen as
coming from the geometry of the “sewing” together of “N = 2 super-Riemann
spheres with tubes”. These N = 2 super-Riemann spheres with tubes correspond
to the supersurfaces swept out by superstrings in the physical model of N = 2
superconformal field theory. It is this geometry underlying N = 2 superconformal
field theory in the genus zero case that is studied in [B7] and will be shown in a
rigorous way to have deep connections to the algebras we study in this paper.
Throughout this section we follow and extend the treatment of duality as pre-
sented in [FHL] for the non-super case and in [B3] for the N = 1 super case.
For a 12Z-graded
∧
∗-module V =
∐
1
2Z
V(n), let V
∗
(n) be the dual module of V(n)
for n ∈ 12Z, i.e.,V ∗(n) = HomV∗(V,
∧
∗). Let
(3.10) V ′ =
∐
n∈ 12Z
V ∗(n)
be the graded dual space of V ,
(3.11) V¯ =
∏
n∈ 12Z
V(n) = V
′∗
the algebraic completion of V , and 〈·, ·〉 the natural pairing between V ′ and V¯ . We
now formulate the weak supercommutativity and weak associativity properties of an
N = 2 Neveu-Schwarz vertex operator superalgebra with odd formal variables into
slightly stronger statements about “matrix coefficients” of products and iterates of
vertex operators with odd formal variables.
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Proposition 3.6. Let (V, Y (·, (x, ϕ+, ϕ−)),1, µ) be an N = 2 Neveu-Schwarz ver-
tex operator superalgebra, and let u, v, w ∈ V , with u and v of homogeneous sign,
and v′ ∈ V ′ be arbitrary.
(a) (rationality of products) The formal series
(3.12) 〈v′, Y (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w〉,
which involves only finitely many negative powers of x2 and only finitely many
positive powers of x1, lies in the image of the map ι12:
(3.13) 〈v′, Y (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w〉 = ι12f(x1, ϕ+1 , ϕ−1 , x2, ϕ+2 , ϕ−2 ),
where the (uniquely determined) element f ∈ ∧∗[x1, ϕ+1 , ϕ−1 , x2, ϕ+2 , ϕ−2 ]P ′ is of the
form
(3.14) f(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ) =
g(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 )
xr1x
s
2(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )t
for some g ∈ ∧∗[x1, ϕ+1 , ϕ−1 , x2, ϕ+2 , ϕ−2 ] and r, s, t ∈ Z.
(b) (supercommutativity) We also have
(3.15) 〈v′, Y (v, (x2, ϕ+2 , ϕ−2 ))Y (u, (x1, ϕ+1 , ϕ−1 ))w〉
= (−1)η(u)η(v)ι21f(x1, ϕ+1 , ϕ−1 , x2, ϕ+2 , ϕ−2 ),
i.e,
(3.16) ι−112 〈v′, Y (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w〉
= (−1)η(u)η(v)ι−121 〈v′, Y (v, (x2, ϕ+2 , ϕ−2 ))Y (u, (x1, ϕ+1 , ϕ−1 ))w〉.
Proof. Part (a) follows from the positive energy axiom (2.54) for an N = 2 Neveu-
Schwarz vertex operator superalgebra and the truncation condition (2.5) for an
N = 2 vertex superalgebra. For part (b), we note that by weak supercommutativity,
there exists k ∈ Z+ such that
(3.17) (x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )k〈v′, Y (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w〉
= (−1)η(u)η(v)(x1−x2−ϕ+1 ϕ−2 −ϕ−1 ϕ+2 )k〈v′, Y (v, (x2, ϕ+2 , ϕ−2 ))Y (u, (x1, ϕ+1 , ϕ−1 ))w〉
for all w ∈ V and v′ ∈ V ′. From (a), we know the left-hand side of (3.17) involves
only finitely many negative powers of x2 and only finitely many positive powers
of x1. However, the right-hand side of (3.17) involves only finitely many negative
powers of x1 and only finitely many positive powers of x2. Thus multiplying both
sides of (3.17) by (x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )−k results in well-defined power series
as long as on the left-hand side we expand (x1−x2−ϕ+1 ϕ−2 −ϕ−1 ϕ+2 )−k in positive
powers of x2 and on the right-hand side we expand (x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )−k
in positive powers of x1. The result follows. 
Proposition 3.7. Let (V, Y (·, (x, ϕ+, ϕ−)),1, µ) be an N = 2 Neveu-Schwarz ver-
tex operator superalgebra, and let u, v, w ∈ V , and v′ ∈ V ′ be arbitrary.
(a) (rationality of iterates) The formal series 〈v′, Y (Y (u, (x0, ϕ+1 −ϕ+2 , ϕ−1 −
ϕ−2 ))v, (x2, ϕ
+
2 , ϕ
−
2 ))w〉, which involves only finitely many negative powers of x0 and
only finitely many positive powers of x2, lies in the image of the map ι20:
(3.18) 〈v′, Y (Y (u, (x0, ϕ+1 − ϕ+2 , ϕ−1 − ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))w〉
= ι20h(x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 , x2, ϕ+2 , ϕ−2 ),
N = 2 VERTEX SUPERALGEBRAS 41
where the (uniquely determined) element h ∈ ∧∗[x0, ϕ+1 , ϕ−1 , x2, ϕ+2 , ϕ−2 ]P ′ is of the
form
(3.19)
h(x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 , x2, ϕ+2 , ϕ−2 ) =
k(x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 , x2, ϕ+2 , ϕ−2 )
xr0x
s
2(x0 + x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )t
for some k ∈ ∧∗[x0, ϕ+1 , ϕ−1 , x2, ϕ+2 , ϕ−2 ] and r, s, t ∈ Z.
(b) The formal series
(3.20) 〈v′, Y (u, (x0 + x2 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 , ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w〉,
which involves only finitely many negative powers of x2 and only finitely many
positive powers of x0, lies in the image of ι02, and in fact
(3.21) 〈v′, Y (u, (x0 + x2 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 , ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w〉
= ι02h(x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 , x2, ϕ+2 , ϕ−2 ).
Proof. Part (a) follows from the positive energy axiom (2.54) and truncation con-
dition (2.5) for a vertex operator superalgebra. For part (b), we note that from
weak associativity, there exists k ∈ Z+ such that
(3.22)
(x0+x2+ϕ
+
1 ϕ
−
2 +ϕ
−
1 ϕ
+
2 )
k〈v′, Y (Y (u, (x0, ϕ+1 −ϕ+2 , ϕ−1 −ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))w〉
= (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
k〈v′, Y (u, (x0 + x2 + ϕ+1 ϕ−2 + ϕ−1 ϕ+2 , ϕ+1 , ϕ−1 ))
· Y (v, (x2, ϕ+2 , ϕ−2 ))w〉
for all v′ ∈ V ′. From (a), we know the left-hand side of (3.22) involves only finitely
many negative powers of x0 and only finitely many positive powers of x2. However,
the right-hand side of (3.22) involves only finitely many negative powers of x2 and
only finitely many positive powers of x0. Thus multiplying both sides of (3.17) by
(x0+x2+ϕ
+
1 ϕ
−
2 +ϕ
−
1 ϕ
+
2 )
−k results in a well-defined power series as long as on the
left-hand side we expand (x0+x2+ϕ
+
1 ϕ
−
2 +ϕ
−
1 ϕ
+
2 )
−k in positive powers of x0 and
on the right-hand side we expand (x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 )
−k in positive powers
of x2. The result follows. 
Proposition 3.8. (associativity) Let (V, Y (·, (x, ϕ+, ϕ−)),1, µ) be an N = 2
Neveu-Schwarz vertex operator superalgebra, and let u, v, w ∈ V , and v′ ∈ V ′ be
arbitrary. We have the following equality of rational functions:
(3.23) ι−112 〈v′, Y (u, (x1, ϕ+1 , ϕ−1 ))Y (v, (x2, ϕ+2 , ϕ−2 ))w〉 =
(
ι−120 〈v′, Y (Y (u,
(x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))w〉
)∣∣∣
x0=x1−x2−ϕ+1 ϕ−2 −ϕ−1 ϕ+2
.
Proof. Let f(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 ) be the rational function in Proposition 3.6.
Then f satisfies
(3.24) ι02f(x0 + x2 + ϕ
+
1 ϕ
−
2 + ϕ
−
1 ϕ
+
2 , ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 )
=
(
ι12f(x1, ϕ
+
1 , ϕ
−
1 , x2, ϕ
+
2 , ϕ
−
2 )
)∣∣
x1=x0+x2+ϕ
+
1 ϕ
−
2 +ϕ
−
1 ϕ
+
2
.
Thus for h(x0, ϕ
+
1 − ϕ+2 , ϕ−1 − ϕ−2 , x2, ϕ+2 , ϕ−2 ) from Proposition 3.7, we have
h(x0, ϕ
+
1 −ϕ+2 , ϕ−1 −ϕ−2 , x2, ϕ+2 , ϕ−2 )=f(x0+x2+ϕ+1 ϕ−2 +ϕ−1 ϕ+2 , ϕ+1 , ϕ−1 , x2, ϕ+2 , ϕ−2 ).
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The result follows from Propositions 3.6 and 3.7. 
Remark 3.9. Proposition 3.8 asserts that the expansion of
Y (Y (u, (x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 , ϕ+1 − ϕ+2 , ϕ−1 − ϕ−2 ))v, (x2, ϕ+2 , ϕ−2 ))
in powers of x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 represents the “operator product”
Y (u, (x1, ϕ
+
1 , ϕ
−
1 ))Y (v, (x2, ϕ
+
2 , ϕ
−
2 )).
Thus using the fact that only the singular terms enter into the commutator formula,
one can instead of Proposition 2.19, encode the N = 2 Neveu-Schwarz algebra
relations as the “operator product expansion”, which in our formulation with two
odd formal variables is given by
Y (µ, (x1, ϕ
+
1 , ϕ
−
1 ))Y (µ, (x2, ϕ
+
2 , ϕ
−
2 ))(3.25)
=
cV /3
(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )2
+
(ϕ+1 − ϕ+2 )Y (τ (+), (x2, ϕ+2 , ϕ−2 ))
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
+
(ϕ−1 − ϕ−2 )Y (τ (−), (x2, ϕ+2 , ϕ−2 ))
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
− 2(ϕ
+
1 − ϕ+2 )(ϕ−1 − ϕ−2 )Y (µ, (x2, ϕ+2 , ϕ−2 ))
(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )2
−2(ϕ
+
1 − ϕ+2 )(ϕ−1 − ϕ−2 ) ∂∂x2Y (µ, (x2, ϕ
+
2 , ϕ
−
2 ))
x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2
+ y(x1, x2, ϕ
+
1 , ϕ
−
1 , ϕ
+
2 , ϕ
−
2 )
where y(x1, x2, ϕ
+
1 , ϕ
−
1 , ϕ
+
2 , ϕ
−
2 ) ∈ C[x1 − x2][[x2, x−12 ]][ϕ+1 , ϕ−1 , ϕ+2 , ϕ−2 ]. That is y
contains only nonsingular terms in x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 . Note that given an
N = 2 vertex superalgebra, V , if one wants to investigate whether a given element
µ ∈ V is an N = 2 Neveu-Schwarz vector, then checking that the vertex operators
corresponding to µ satisfy the conditions of Proposition 2.19 (which is equivalent
to (3.25)) is much easier in comparison to checking the eleven operator product
expansion terms usually presented in the literature as in for instance [Gr]; see also
[Bori2]. With the changes in notation given in Remark 2.12, we see that (3.25) is
exactly that given in the physics literature as in for instance [YZ].
Note that rationality of products and iterates and supercommutativity and asso-
ciativity imply weak supercommutativity and weak associativity. Thus by Propo-
sition 3.3, we have:
Theorem 3.10. In the presence of the other axioms in the definition of N = 2
Neveu-Schwarz vertex operator superalgebra with odd variables, the Jacobi identity
follows from the rationality of products and iterates and supercommutativity and
associativity. In particular, the Jacobi identity may be replaced by these properties.
This theorem can also be proved by using the delta-function identity (1.34) and
the substitution rule (1.36).
4. N = 2 (Neveu-Schwarz) vertex (operator) superalgebras without
odd formal variables
4.1. N = 2 vertex superalgebras without odd formal variables. In most of
the literature on vertex superalgebras with superconformal properties, the vertex
operators are not formulated with odd formal variables [Sche], [A], [Bori1], [Bori2].
In fact, although most of the early physics literature contains odd variables in
the expressions for fields (cf. [DPZ], [YZ]), the first formal axiomatic treatment of
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vertex superalgebras with odd formal variables was in [B2], [B3]. In this section and
the next, we see how our formulation of the notion of N = 2 vertex superalgebra
and N = 2 Neveu-Schwarz vertex operator superalgebra relate to these notions
without odd formal variables.
Definition 4.1. An N = 2 vertex superalgebra over
∧
∗ consists of a Z2-graded
(by sign)
∧
∗-module
(4.1) V = V 0 ⊕ V 1
equipped, first, with a linear map
V −→ (End V )[[x, x−1]](4.2)
v 7→ Y (v, x)
with
(4.3) Y (v, x) =
∑
n∈Z
vnx
−n−1,
where for the Z2-grading of End V induced from that of V , we have
(4.4) vn ∈ (End V )η(v)
for v of homogeneous sign in V and x an even formal variable, and where Y (v, x)
denotes the vertex operator associated with v. We also have a distinguished element
1 in V (the vacuum vector). The following conditions are assumed for u, v ∈ V :
the truncation condition:
(4.5) unv = 0 for n ∈ Z sufficiently large,
that is
(4.6) Y (u, x)v ∈ V ((x));
next, the following vacuum property:
(4.7) Y (1, x) = idV ;
the creation property holds:
(4.8) Y (v, x)1 ∈ V [[x]], and lim
x→0
Y (v, x)1 = v;
the Jacobi identity holds:
(4.9)
x−10 δ
(
x1 − x2
x0
)
Y (u, x1)Y (v, x2)− (−1)η(u)η(v)x−10 δ
(
x2 − x1
−x0
)
Y (v, x2)Y (u, x1)
= x−12 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2),
for u, v of homogeneous sign in V ; and finally, defining D ∈ (EndV )0 by
(4.10) D(v) = v−21,
there exist D± ∈ (EndV )1 satisfying
(4.11)
[D+,D−] = 2D, and [D±,D±] = 0,
and such that the D±-bracket relations hold:
(4.12)
[D±, Y (v, x)] = Y (D±v, x).
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The N = 2 vertex superalgebra without odd formal variables just defined is
denoted by
(V, Y (·, x),1,D+,D−),
or when no confusion will arise by V .
Remark 4.2. In the definition above, we require that the two odd endomorphisms
D± be specified and that they satisfy (4.11), (4.12) in contrast to the notion of
N = 2 vertex superalgebra with two odd formal variables in which we need not
require that such endomorphisms be specified because the existence of D± and
their bracket properties naturally arise from the odd variable components of the
vertex operators and the other axioms of the definition ofN = 2 vertex superalgebra
with two odd formal variables.
Remark 4.3. Given an N = 2 vertex superalgebra without odd formal variables
(V, Y (·, x),1,D+,D−) over C, then (V, Y (·, x),1,D) is a vertex superalgebra in the
sense of for instance [L] and [T].
Let (V1, Y1(·, x),11,D+1 ,D−1 ) and (V2, Y2(·, x),12,D+2 ,D−2 ) be two N = 2 vertex
superalgebras. A homomorphism of N = 2 vertex superalgebras without odd formal
variables is a Z2-graded
∧
∞-module homomorphism γ : V1 −→ V2 satisfying
γ(Y1(u, x)v) = Y2(γ(u), x)γ(v) for u, v ∈ V1,
γ(11) = 12, and γ(D±1 ) = D±2 .
In the next section, we will show that the category of N = 2 vertex superalgebras
without odd formal variables is naturally isomorphic to the category of N = 2
vertex superalgebras with two odd formal variables. To prove this, we will need
the following consequences of the definition of N = 2 vertex superalgebra without
odd formal variables: Taking Resx0 of the Jacobi identity and using the δ-function
identity (1.28), we obtain the following supercommutator formula
(4.13) [Y (u, x1), Y (v, x2)] = Resx0x
−1
2 δ
(
x1 − x0
x2
)
Y (Y (u, x0)v, x2).
From (4.11) we have that
(4.14) (D±)2 = 0, and [D,D±] = 0.
Following the proof of Proposition 3.1.18 in [LL], which holds because the vacuum
is an even vector in V , i.e., η(1) = 0, we have that V satisfies the D-derivative
property
(4.15)
∂
∂x
Y (v, x) = Y (Dv, x).
4.2. N = 2 Neveu-Schwarz vertex operator superalgebras without odd
formal variables.
Definition 4.4. An N = 2 Neveu-Schwarz vertex operator superalgebra over
∧
∗
and without odd variables is a 12Z-graded
∧
∗-module (graded by weights)
(4.16) V =
∐
n∈ 12Z
V(n)
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such that
dimV(n) <∞ for n ∈ 12Z,(4.17)
V(n) = 0 for n sufficiently negative,(4.18)
equipped with an N = 2 vertex superalgebra structure (V, Y (·, x),1,D+,D−), and
two distinguished homogeneous vectors τ (±) ∈ V 1(3/2) (the τ (±) N = 2 Neveu-
Schwarz generators or τ (±) N = 2 superconformal generators), satisfying the fol-
lowing conditions: the N = 2 Neveu-Schwarz algebra relations (2.55)–(2.61) hold
for L(n), J(n), G±(n − 1/2) ∈ End V , for n ∈ Z, and cV ∈ C (the central charge)
where
(4.19)
G±(n− 1/2) = τ (±)n for n ∈ Z, i.e., Y (τ (±), x) =
∑
n∈Z
G±(n+ 1/2)x−n−
1
2− 32 ;
and
(4.20) G±(−1/2) = D±;
for n ∈ 12Z and v ∈ V(n)
(4.21) L(0)v = nv
and in addition, V(n) is the direct sum of eigenspaces for J(0) such that if v ∈ V(n)
is also an eigenvector for J(0) with eigenvalue k, i.e., if
(4.22) J(0)v = kv, then k ≡ 2n mod 2.
The N = 2 Neveu-Schwarz vertex operator superalgebra just defined is denoted
by
(V, Y (·, x),1, τ (+), τ (−)).
We have the following consequences of the definition: Taking Resx1x1 of both
sides of the commutator formula (4.13) with u = τ (±), we have the following
G±(1/2)-bracket formula without odd formal variables
(4.23)
[
G±(1/2), Y (v, x)
]
= Y (G±(1/2)v, x) + xY (G±(−1/2)v, x),
(cf. (2.77)).
There exist µ = 12G
+(1/2)τ (−) ∈ V 1(3/2) and ω = L(−2)1 = 14 (G−(−1/2)τ (+) +
G+(−1/2)τ (−)) ∈ V 0(2). Using (4.23) and the D± = G±(−1/2)-bracket relations
(4.12), we see that
(4.24) Y (µ, x) =
∑
n∈Z
J(n)x−n−1, and Y (ω, x) =
∑
n∈Z
L(n)x−n−2.
Remark 4.5. In the definition above, we require that the two elements τ (+) and
τ (−) in V(3/2) be specified in contrast to the notion of N = 2 Neveu-Schwarz vertex
operator superalgebra with odd formal variables in which we specify just one vector
giving rise to the N = 2 Neveu-Schwarz algebra, that is µ ∈ V(1). This is because if
we do not include odd formal variables we need these two vectors in order to give
a full generating set for the N = 2 Neveu-Schwarz algebra. On the other hand,
specifying the two vectors τ (±) is enough since G±(n − 1/2), for n ∈ Z, generate
the N = 2 Neveu-Schwarz algebra; see Remark 1.1 and (4.24).
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Remark 4.6. Given an N = 2 Neveu-Schwarz vertex operator superalgebra with-
out odd formal variables (V, Y (·, x),1, τ (+), τ (−)) over C, and letting ω = L(−2)1 =
1
4 (G
−(−1/2)τ (+) + G+(−1/2)τ (−)), then (V, Y (·, x),1, ω) is a vertex operator su-
peralgebra in the sense of [L] and [T].
Remark 4.7. The notion of N = 2 Neveu-Schwarz vertex operator superalgebra
without odd formal variables is equivalent to the notion of “N = 2 superconfor-
mal vertex operator superalgebra” without odd formal variables given in [HM].
However, we point out the minor simplification that in our notion of N = 2 Neveu-
Schwarz vertex operator superalgebra, we only specify the distinguished vectors
τ (+) and τ (−) (and the vacuum), whereas in the definition in [HM], the vector µ
is also specified. The notion of “N = 2 SVOA” given in [A] is equivalent to our
notion of N = 2 Neveu-Schwarz vertex operator superalgebra without odd formal
variables with the exception of the J(0)-grading condition (4.22) which is not im-
posed in [A]. In addition, we note that in [A], the definition of N = 2 SVOA
includes four distinguished vectors corresponding to µ, τ (±), and ω. As mentioned
above as a minor point, one only needs to specify the two vectors τ (±).
Note that (4.20) implies that
(4.25) L(−1) = D.
Let (V1, Y1(·, x),11, τ (+)1 , τ (−)1 ) and (V2, Y2(·, x),12, τ (+)2 , τ (−)2 ) be two N = 2
Neveu-Schwarz vertex operator superalgebras. A homomorphism of N = 2 Neveu-
Schwarz vertex operator superalgebras without odd formal variables is an N = 2
vertex superalgebra homomorphism γ : V1 −→ V2 such that γ(τ (±)1 ) = τ (±)2 .
4.3. Isomorphism between the categories of N = 2 (Neveu-Schwarz) ver-
tex (operator) superalgebras with two odd formal variables and without
odd formal variables.
Proposition 4.8. Let (V, Y (·, (x, ϕ+, ϕ−)),1) be an N = 2 vertex superalgebra with
two odd formal variables, and let D± ∈ EndV be defined by D±(v) = v±−3/21. Then
(V, Y (·, (x, 0, 0)),1,D+,D−) is an N = 2 vertex superalgebra without odd formal
variables.
Let (V, Y (·, (x, ϕ+, ϕ−)),1, µ) be an N = 2 Neveu-Schwarz vertex operator su-
peralgebra with two odd formal variables, and let τ (±) = ∓G±(−1/2)µ. Then
(V, Y (·, (x, 0, 0)),1, τ (+), τ (−)) is an N = 2 Neveu-Schwarz vertex operator superal-
gebra without odd formal variables.
Proof. Setting the odd variables ϕ± = 0 in the axioms for (V, Y (·, (x, ϕ+, ϕ−)),1),
it is clear that (V, Y (·, (x, 0, 0)),1) satisfies all of the axioms for an N = 2 vertex
superalgebra without odd formal variables except for the axioms involving D and
D±. The remaining axioms (4.10)–(4.12) follow from Proposition 2.2, Corollary
2.4, and (2.40).
Similarly, it is trivial that (V, Y (·, (x, 0, 0)),1, τ (+), τ (−)) satisfies axioms (4.16)–
(4.18), as well as axioms (4.21) and (4.22). By the argument above, V is an N = 2
vertex superalgebra without odd formal variables. The axioms regarding the N = 2
Neveu-Schwarz relations follow from consequences of the definition of an N = 2
Neveu-Schwarz vertex operator superalgebra with two odd formal variables which
show that the vertex operators for τ (±) = ∓G±(−1/2)µ are given by (2.70), and
that G±(−1/2) = D± (2.74). 
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Proposition 4.8 implies that all of the consequences of the definition of N =
2 vertex superalgebra with two odd formal variables hold for an N = 2 vertex
superalgebra without odd formal variables if we set the odd formal variables equal
to zero. In particular, we have the following corollary to Proposition 3.1 which we
single out because we will use it in the proof of the next proposition.
Corollary 4.9. (weak supercommutativity) Let (V, Y (·, x),1,D+,D−) be an
N = 2 vertex superalgebra without odd formal variables. There exists k ∈ Z+ such
that
(4.26) (x1 − x2)k [Y (u, x1), Y (v, x2)] = 0.
Furthermore this weak supercommutativity follows from the truncation condition
(4.5) and the Jacobi identity (4.9).
This corollary can also be thought of as following from Remark 4.3 and the
results on vertex superalgebras in [L].
Proposition 4.10. Let (V, Y (·, x),1,D+,D−) be an N = 2 vertex superalgebra
without odd formal variables. Define
(4.27) Y˜ (v, (x, ϕ+, ϕ−)) = Y (v, x) + ϕ+Y (D+v, x) + ϕ−Y (D−v, x)
+
1
2
ϕ+ϕ−Y ((D−D+ −D+D−)v, x).
Then (V, Y˜ (·, (x, ϕ+, ϕ−)),1) is an N = 2 vertex superalgebra with two odd formal
variables.
Furthermore, if (V, Y (·, x),1, τ (+), τ (−)) is an N = 2 Neveu-Schwarz vertex op-
erator superalgebra without odd formal variables, then letting
(4.28) µ =
1
2
G+(1/2)τ (−),
gives (V, Y˜ (·, (x, ϕ+, ϕ−)),1, µ) the structure of an N = 2 Neveu-Schwarz vertex
operator superalgebra with two odd formal variables.
Proof. Assume that (V, Y (·, x),1,D+,D−) is an N = 2 vertex superalgebra with-
out odd formal variables. To show that (V, Y˜ (·, (x, ϕ+, ϕ−)),1) is an N = 2 ver-
tex superalgebra with odd formal variables, we first note that axiom (2.1) fol-
lows trivially. From the definition of Y˜ , we have that v±n−1/2 = (D±v)n, and
v+−n = 1/2((D−D+ − D+D−)v)n. Axioms (2.2)–(2.5) follow easily from this and
the fact that D± ∈ (EndV )1.
By the vacuum property (4.7) for (V, Y (·, x),1,D+,D−), we have that 1−3/2 = 0
and thus D±1 = 1±−3/21 = 0. Therefore since
Y˜ (1, (x.ϕ+, ϕ−)) = Y (1, x)+ϕ+Y (0, x)+ϕ−Y (0, x)+ϕ+ϕ−Y (0, x) = Y (1, x) = idV
the vacuum property (2.7) holds.
The creation property (2.8) and (2.9) holds since by the creation property for
(V, Y (·, x),1,D+,D−), we have that Y (v, x)1, Y (D±v, x)1, and Y ((D−D+−D+D−)v, x)1
are all in V [[x]], implying
Y˜ (v, (x, ϕ+, ϕ−))1 ∈ V [[x]][ϕ+, ϕ−],
and
lim
(x,ϕ+,ϕ−)→0
Y˜ (v, (x, ϕ+, ϕ−))1 = lim
x→0
Y (v, x)1 = v.
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We have proved all the axioms for an N = 2 vertex superalgebra with two odd
formal variables except for the Jacobi identity. To prove the Jacobi identity with
odd formal variables, we will show that weak supercommutativity (3.1) and the
D±-bracket-derivative properties (2.29) hold for (V, Y˜ (·, (x, ϕ+, ϕ−)),1). This will
imply the Jacobi identity with odd formal variables by Theorem 3.4.
To prove weak supercommutativity for (V, Y˜ (·, (x, ϕ+, ϕ−)),1), we let S1 =
{u,D+u,D−u, (D−D+ − D+D−)u} and S2 = {v,D+v,D−v, (D−D+ − D+D−)v}.
By Corollary 4.9, there exists k(w1, w2) ∈ Z+ such that
(x1 − x2)k [Y (w1, x1), Y (w2, x2)] = 0
for any pair (w1, w2) ∈ S1×S2. Let k = max{k(w1, w2) | (w1, w2) ∈ S1×S2}. Now
take n = k + 2. This implies that
(x1 − x2 − ϕ+1 ϕ−2 − ϕ−1 ϕ+2 )n
[
Y˜ (u, (x1, ϕ
+
1 , ϕ
−
1 )), Y˜ (v, (x2, ϕ
+
2 , ϕ
−
2 ))
]
=
(
(x1 − x2)n − n(ϕ+1 ϕ−2 + ϕ−1 ϕ+2 )(x1 − x2)n−1 + n(n− 1)ϕ+1 ϕ−1 ϕ+2 ϕ−2 (x1
− x2)n−2
)[
Y (u, x1) + ϕ
+
1 Y (D+u, x1) + ϕ−1 Y (D−u, x1)
+
1
2
ϕ+1 ϕ
−
1 Y ((D−D+ −D+D−)u, x1), Y (v, x2)
+ϕ+2 Y (D+v, x2) + ϕ−2 Y (D−v, x2) +
1
2
ϕ+2 ϕ
−
2 Y ((D−D+ −D+D−)v, x2)
]
= 0,
proving weak supercommutativity for (V, Y˜ (·, (x, ϕ+, ϕ−)),1).
Now we prove the D±-bracket-derivative properties (2.29) by noting that (4.11),
theD±-bracket relations (4.12) and theD-derivative property (4.15) for (V, Y (·, x),1,
D+,D−) imply that[
D±, Y˜ (v, (x, ϕ+, ϕ−))
]
= Y (D±v, x)− ϕ+Y (D±D+v, x)− ϕ−Y (D±D−v, x)
+
1
2
ϕ+ϕ−Y (D±(D−D+ −D+D−)v, x)
= Y (D±v, x)± 1
2
ϕ∓Y ((D−D+ −D+D−)v, x) − 1
2
ϕ∓Y ((D+D−
+D−D+)v, x) ± 1
2
ϕ+ϕ−Y (D±D∓D±v, x)
= Y (D±v, x)± 1
2
ϕ∓Y ((D−D+ −D+D−)v, x) − ϕ∓Y (Dv, x)
±ϕ+ϕ−Y (DD±v, x)
= Y (D±v, x)± 1
2
ϕ∓Y ((D−D+ −D+D−)v, x) − ϕ∓ ∂
∂x
Y (v, x)
±ϕ+ϕ− ∂
∂x
Y (D±v, x)
=
(
∂
∂ϕ±
− ϕ∓ ∂
∂x
)(
Y (v, x) + ϕ+Y (D+v, x) + ϕ−Y (D−v, x)
+
1
2
ϕ+ϕ−Y ((D−D+ −D+D−)v, x)
)
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=
(
∂
∂ϕ±
− ϕ∓ ∂
∂x
)
Y˜ (v, (x, ϕ+, ϕ−)).
The Jacobi identity for (V, Y˜ (·, (x, ϕ+, ϕ−)),1) follows by Theorem 3.4, proving
that (V, Y˜ (·, (x, ϕ+, ϕ−)),1) is an N = 2 vertex superalgebra with two odd formal
variables.
Now assume (V, Y (·, x),1, τ (+), τ (−)) is anN = 2 Neveu-Schwarz vertex operator
superalgebra without odd formal variables. To show that (V, Y˜ (·, (x, ϕ+, ϕ−)),1, µ)
is an N = 2 Neveu-Schwarz vertex operator superalgebra with two odd formal
variables, we note that axioms (2.52)–(2.54), (2.64) and (2.65) follow immediately.
For the N = 2 Neveu-Schwarz element µ, using the D± = G±(−1/2)-bracket
properties (4.12), axiom (4.20) and equation (4.24), we have
Y˜ (µ, (x, ϕ+, ϕ−))
= Y (µ, x) + ϕ+Y (D+µ, x) + ϕ−Y (D−µ, x) + 1
2
ϕ+ϕ−Y ((D−D+
−D+D−)µ, x)
= Y (µ, x) + ϕ+
[D+, Y (µ, x)] + ϕ− [D−, Y (µ, x)]
+
1
2
ϕ+ϕ−
([D−, [D+, Y (µ, x)]]− [D+, [D−, Y (µ, x)]])
=
∑
n∈Z
(
J(n) + ϕ+
[
G+(−1/2), J(n)]+ ϕ− [G−(−1/2), J(n)]
+
1
2
ϕ+ϕ−
([
G−(−1/2), [G+(−1/2), J(n)]]− [G+(−1/2), [G−(−1/2),
J(n)
]]))
x−n−1
=
∑
n∈Z
(
J(n)− ϕ+G+(n− 1/2) + ϕ−G−(n− 1/2) + 1
2
ϕ+ϕ−
(
−[G−(−1/2),
G+(n− 1/2)]− [G+(−1/2), G−(n− 1/2)]))x−n−1
=
∑
n∈Z
(
J(n)− ϕ+G+(n− 1/2) + ϕ−G−(n− 1/2) + 1
2
ϕ+ϕ−
(
−(2L(n− 1)
+nJ(n− 1))− (2L(n− 1)− nJ(n− 1))
))
x−n−1
=
∑
n∈Z
(
J(n)x−n−1 − ϕ+G+(n+ 1/2)x−n−2 + ϕ−G−(n+ 1/2)x−n−2
+
1
2
ϕ+ϕ−(−4L(n− 1))x−n−1
)
which gives (2.63).
Finally, the G±(−1/2)-derivative properties (2.66) follow from axiom (4.20) for
(V, Y (·, x),1, τ (+), τ (−)), i.e., D± = G±(−1/2), and Proposition 2.2 applied to the
N = 2 vertex superalgebra (V, Y˜ (·, (x, ϕ+, ϕ−)),1), proving that (V, Y˜ (·, (x, ϕ+,
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ϕ−)),1, µ) is an N = 2 Neveu-Schwarz vertex operator superalgebra with two odd
formal variables. 
We note that we also have
(4.29) µ = −1
2
G−(1/2)τ (+).
Remark 4.11. In the proof of Proposition 4.10, we could have proved the Ja-
cobi identity for (V, Y˜ (·, (x, ϕ+, ϕ−)),1) directly using (4.27) and the commutation
relations and bracket properties for D±. However, this is a long, tedious, and
not very illuminating calculation. Thus we have instead chosen to prove the Jacobi
identity using the equivalent properties of supercommutativity and the D±-bracket-
derivative properties. The ease of proving Proposition 4.10 in this manner is one of
the reasons we chose first to develop the notion of N = 2 vertex superalgebra with
two odd formal variables and formulate weak supercommutativity directly from this
notion, rather than first formulate the notion of N = 2 vertex superalgebra without
odd formal variables and then derive the notion with two odd formal variables and
the property of weak supercommutativity with odd formal variables from the weak
supercommutativity without odd formal variables.
Let VSA2(ϕ
+, ϕ−) denote the category of N = 2 vertex superalgebras with two
odd formal variables, let VSA2 denote the category of N = 2 vertex superalge-
bras without odd formal variables, let VOSA2(ϕ
+, ϕ−, c) denote the category of
N = 2 Neveu-Schwarz vertex operator superalgebras with two odd formal vari-
ables and with central charge c ∈ C, and let VOSA2(c) denote the category of
N = 2 Neveu-Schwarz vertex operator superalgebras without odd formal variables
and with central charge c ∈ C. Note that VOSA2(ϕ+, ϕ−, c) is a subcategory of
VSA2(ϕ
+, ϕ−) and VOSA2(c) is a subcategory of VSA2.
Define Fϕ±=0 : VSA2(ϕ
+, ϕ−) −→ VSA2 by
Fϕ±=0 : (V, Y (·, (x, ϕ+, ϕ−)),1) 7→ (V, Y (·, (x, 0, 0)),1,D+,D−)
γ 7→ γ
for (V, Y (·, (x, ϕ+, ϕ−)),1) an object in VSA2(ϕ+, ϕ−) and γ a morphism, where
D± ∈ (EndV )1 are defined by D±v = v±−3/21. Proposition 4.8 shows that Fϕ±=0
takes objects in VSA2(ϕ
+, ϕ−) to objects in VSA2. It is clear that Fϕ±=0 takes
morphisms to morphisms and that Fϕ±=0 is a functor. Moreover, Proposition 4.8
implies that Fϕ±=0 restricted to VOSA(ϕ
+, ϕ−, c) gives a functor from VOSA2(ϕ+,
ϕ−, c) to VOSA2(c) via
Fϕ±=0 : (V, Y (·, (x, ϕ+, ϕ−)),1, µ) 7→ (V, Y (·, (x, 0, 0)),1,−G+(−1/2)µ,G−(−1/2)µ).
Define Fϕ+,ϕ− : VSA2 −→ VSA2(ϕ+, ϕ−) by
Fϕ+,ϕ− : (V, Y (·, x),1,D+,D−) 7→ (V, Y˜ (·, (x, ϕ+, ϕ−)),1),
γ 7→ γ
where Y˜ (v, (x, ϕ+, ϕ−)) is defined by (4.27). Proposition 4.10 shows that Fϕ+,ϕ−
takes objects in VSA2 to objects in VSA2(ϕ
+, ϕ−). It is easy to show that Fϕ+,ϕ−
takes morphisms to morphisms and that Fϕ+,ϕ− is a functor. Moreover, Proposition
4.10 implies that Fϕ+,ϕ− restricted to VOSA(c) gives a functor from VOSA2(c) to
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VOSA2(ϕ
+, ϕ−, c) via
Fϕ+,ϕ− : (V, Y (·, x),1, τ (+), τ (−)) 7→ (V, Y˜ (·, (x, ϕ+, ϕ−)),1,
1
2
G+(1/2)τ (−)).
For any category C, let 1C denote the identity functor on the category C. It is
easy to show that Fϕ±=0◦Fϕ+,ϕ− = 1VSA2 and Fϕ+,ϕ−◦Fϕ±=0 = 1VSA2(ϕ+,ϕ−), and
that the corresponding restrictions of Fϕ±=0 and Fϕ+,ϕ− to the subcategories of
N = 2 Neveu-Schwarz vertex operator superalgebras with and without odd formal
variables, respectively, satisfy Fϕ±=0 ◦ Fϕ+,ϕ− = 1VOSA2(c) and Fϕ+,ϕ− ◦ Fϕ±=0 =
1VOSA2(ϕ+,ϕ−,c). Thus we have the following theorem:
Theorem 4.12. The two categories VSA2(ϕ
+, ϕ−) and VSA2 are isomorphic. In
addition, for any c ∈ C, the categories VOSA2(ϕ+, ϕ−, c) and VOSA2(c) are iso-
morphic.
5. The nonhomogeneous coordinate system
So far our formulations have been in what we call the “homogeneous” coordinate
system, denoted by formal N = 2 variables (x, ϕ+, ϕ−) and the “homogeneous” ba-
sis for the N = 2 Neveu-Schwarz algebra given by Ln, Jn, G
±
n−1/2, for n ∈ Z and
d and relations (1.2)–(1.6). In this section, we transfer some of our results to
the “nonhomogeneous” N = 2 formal variables which we denote by (x, ϕ(1), ϕ(2))
and the nonhomogeneous basis for the N = 2 Neveu-Schwarz algebra given by
Ln, Jn, G
(j)
n−1/2, for n ∈ Z and j = 1, 2, and d and relations (1.11)–(1.16). This
is a standard transformation in N = 2 superconformal field theory [C], [DRS].
We chose to call these coordinate systems “homogeneous” and “nonhomogeneous”,
respectively, due to the transformation properties of a nonhomogeneous N = 2 su-
perconformal function on the corresponding nonhomogeneous superconformal op-
erators D(j) for j = 1, 2 as described in [B7], and due to the action of the Jn terms,
for n ∈ Z, in the algebra of infinitesimals as described in Remark 1.4. In addition,
below in Remark 5.15, we give another motivation for our terminology which is
that the J(0)-weight (induced from the J(0)-grading) is no longer homogeneous on
the components of the nonhomogeneous vertex operators.
5.1. N = 2 vertex superalgebras in the nonhomogeneous coordinates. The
transformation from homogeneous to nonhomogeneous coordinates is given by
(5.1) ϕ(1) =
1√
2
(ϕ+ + ϕ−) and ϕ(2) = − i√
2
(ϕ+ − ϕ−),
or equivalently
(5.2) ϕ± =
1√
2
(ϕ(1) ± iϕ(2)).
In addition, given an N = 2 vertex superalgebra with two odd formal variables
(V, Y (·, (x, ϕ+, ϕ−)),1, µ), for v ∈ V , we define v(j)n−1/2, v
(1,2)
n ∈ EndV , for j = 1, 2,
and n ∈ Z, using the components of the vertex operator Y (v, (x, ϕ+, ϕ−)) as follows
(5.3) v
(1)
n− 12
=
1√
2
(
v+
n− 12
+ v−
n− 12
)
, and v
(2)
n− 12
=
i√
2
(
v+
n− 12
− v−
n− 12
)
and
(5.4) v(1,2)n = −iv+−n ,
52 KATRINA BARRON
or equivalently
(5.5) v±
n− 12
=
1√
2
(
v
(1)
n− 12
∓ iv(2)
n− 12
)
, and v+−n = iv
(1,2)
n .
Then letting
(5.6) Y (v, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
vn+ϕ
(1)v
(1)
n− 12
+ϕ(2)v
(2)
n− 12
+ϕ(1)ϕ(2)v
(1,2)
n−1
)
x−n−1
we have that
(5.7) Y (v, (x, ϕ(1), ϕ(2))) = Y (v, (x, ϕ+, ϕ−))|ϕ±= 1√
2
(ϕ(1)±iϕ(2)).
Performing these substitutions we have the following notion of N = 2 vertex su-
peralgebra with two odd formal variables in the nonhomogeneous coordinate system
which is equivalent to the notion of N = 2 vertex superalgebra with two odd formal
variables in the homogeneous coordinate system.
Definition 5.1. An N = 2 vertex superalgebra over
∧
∗ and with two odd formal
variables in the nonhomogeneous coordinate system consists of a Z2-graded
∧
∗-
module (graded by sign η)
(5.8) V = V 0 ⊕ V 1
equipped, first, with a linear map
V −→ (End V )[[x, x−1]][ϕ(1), ϕ(2)](5.9)
v 7→ Y (v, (x, ϕ(1), ϕ(2)))
with
(5.10) Y (v, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
vn+ϕ
(1)v
(1)
n− 12
+ϕ(2)v
(2)
n− 12
+ϕ(1)ϕ(2)v
(1,2)
n−1
)
x−n−1,
where for the Z2-grading of End V induced from that of V , we have
(5.11) vn, v
(1,2)
n ∈ (End V )η(v), and v(j)n− 12 ∈ (End V )
(η(v)+1) mod 2,
for j = 1, 2, and for v of homogeneous sign in V , x is an even formal variable, and
ϕ(j), for j = 1, 2 are odd formal variables, and where Y (v, (x, ϕ(1), ϕ(2))) denotes the
nonhomogeneous vertex operator associated with v. We also have a distinguished
element 1 in V (the vacuum vector). The following conditions are assumed for
u, v ∈ V : the truncation conditions: for j = 1, 2
(5.12) unv = u
(1,2)
n v = u
(j)
n− 1
2
v = 0 for n ∈ Z sufficiently large,
that is
(5.13) Y (u, (x, ϕ(1), ϕ(2)))v ∈ V ((x))[ϕ(1), ϕ(2)];
next, the following vacuum property:
(5.14) Y (1, (x, ϕ(1), ϕ(2))) = idV ;
the creation property holds:
Y (v, (x, ϕ(1), ϕ(2)))1 ∈ V [[x]][ϕ(1), ϕ(2)](5.15)
lim
(x,ϕ(1),ϕ(2))→0
Y (v, (x, ϕ(1), ϕ(2)))1 = v;(5.16)
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and finally the Jacobi identity holds:
(5.17)
x−10 δ
(
x1 − x2 − ϕ(1)1 ϕ(1)2 − ϕ(2)1 ϕ(2)2
x0
)
Y (u, (x1, ϕ
(1)
1 , ϕ
(2)
1 ))Y (v, (x2, ϕ
(1)
2 , ϕ
(2)
2 ))
−(−1)η(u)η(v)x−10 δ
(
x2 − x1 + ϕ(1)1 ϕ(1)2 + ϕ(2)1 ϕ(2)2
−x0
)
Y (v, (x2, ϕ
(1)
2 , ϕ
(2)
2 ))
·Y (u, (x1, ϕ(1)1 , ϕ(2)1 ))
= x−12 δ
(
x1 − x0 − ϕ(1)1 ϕ(1)2 − ϕ(2)1 ϕ(2)2
x2
)
Y (Y (u, (x0, ϕ
(1)
1 − ϕ(1)2 , ϕ(2)1 − ϕ(2)2 ))v,
(x2, ϕ
(1)
2 , ϕ
(2)
2 )),
for u, v of homogeneous sign in V .
The N = 2 vertex superalgebra with two odd formal variables in the nonhomo-
geneous coordinate system just defined is denoted by
(V, Y (·, (x, ϕ(1), ϕ(2))),1).
Remark 5.2. It is clear that the transformations (5.1), (5.3), (5.4), induce an iso-
morphism between the category of N = 2 vertex superalgebras with two odd formal
variables in the homogeneous coordinate system and the category of N = 2 vertex
superalgebras with two odd formal variables in the nonhomogeneous coordinate
system.
Remark 5.3. The substitution x0 = x1 − x2 − ϕ(1)1 ϕ(1)2 − ϕ(2)1 ϕ(2)2 can be thought
of as the even part of a nonhomogeneous “superconformal shift of (x1, ϕ
(1)
1 , ϕ
(2)
1 )
by (x2, ϕ
(1)
2 , ϕ
(2)
2 )”. That is, if we let f(x, ϕ
(1), ϕ(2)) = (x˜, ϕ˜(1), ϕ˜(2)) with x˜ ∈
(
∧
∗[[x, x
−1]][ϕ(1), ϕ(2)])0 and ϕ˜(j) ∈ (∧∗[[x, x−1]][ϕ(1), ϕ(2)])1, for j = 1, 2, then f
is said to be N = 2 superconformal in the nonhomogeneous coordinates x, ϕ(1) and
ϕ(2) if and only if f satisfies
(5.18) D(1)ϕ˜(1) −D(2)ϕ˜(2) = D(1)ϕ˜(2) +D(2)ϕ˜(1)
= D(j)x˜− ϕ˜(1)D(j)ϕ˜(1) − ϕ˜(2)D(j)ϕ˜(2) = 0
for
(5.19) D(j) =
∂
∂ϕ(j)
+ ϕ(j)
∂
∂x
for j = 1, 2
(see [B7]). For a formal superanalytic vector-valued function in the nonhomoge-
neous coordinates f(x, ϕ(1), ϕ(2)) = (x˜, ϕ˜(1), ϕ˜(2)), the conditions (5.18) are equiva-
lent to requiring that f transform the super-differential operators D(j) for j = 1, 2,
homogeneously of degree one in D(1) and in D(2), so that D(1) = (D(1)ϕ˜(1))D˜(1) −
(D(2)ϕ˜(1))D˜(2) and D(2) = (D(1)ϕ˜(2))D˜(1) − (D(2)ϕ˜(2))D˜(2). We observe that
f(x1, ϕ
(1)
1 , ϕ
(2)
1 ) = (x1 − x2 − ϕ(1)1 ϕ(1)2 − ϕ(2)1 ϕ(2)2 , ϕ(1)1 − ϕ(1)2 , ϕ(2)1 − ϕ(2)2 ) is for-
mally N = 2 superconformal in x1, ϕ
(1)
1 and ϕ
(2)
1 since it satisfies (5.18).
We have the following consequences of the definition of N = 2 vertex superal-
gebra with two odd formal variables in the nonhomogeneous coordinate system:
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The supercommutator formula for N = 2 vertex operators in the nonhomogeneous
coordinates
(5.20) [Y (u, (x1, ϕ
(1)
1 , ϕ
(2)
1 )), Y (v, (x2, ϕ
(1)
2 , ϕ
(2)
2 ))]
= Resx0x
−1
2 δ
(
x1 − x0 − ϕ(1)1 ϕ(1)2 − ϕ(2)1 ϕ(2)2
x2
)
· Y (Y (u, (x0, ϕ(1)1 − ϕ(1)2 , ϕ(2)1 − ϕ(2)2 ))v, (x2, ϕ(1)2 , ϕ(2)2 )).
The iterate formula for N = 2 vertex operators in the nonhomogeneous coordinates
(5.21) Y (Y (u, (x0, ϕ
(1)
1 − ϕ(1)2 , ϕ(2)1 − ϕ(2)2 ))v, (x2, ϕ(1)2 , ϕ(2)2 ))
= Resx1
(
x−10 δ
(
x1 − x2 − ϕ(1)1 ϕ(1)2 − ϕ(2)1 ϕ(2)2
x0
)
Y (u, (x1, ϕ
(1)
1 , ϕ
(2)
1 ))
· Y (v, (x2, ϕ(1)2 , ϕ(2)2 ))− (−1)η(u)η(v)x−10 δ
(
x2 − x1 + ϕ(1)1 ϕ(1)2 + ϕ(2)1 ϕ(2)2
−x0
)
·Y (v, (x2, ϕ(1)2 , ϕ(2)2 ))Y (u, (x1, ϕ(1)1 , ϕ(2)1 ))
)
.
We have the following corollary to Proposition 2.2:
Corollary 5.4. Let (V, Y (·, (x, ϕ(1), ϕ(2))),1) be an N = 2 vertex superalgebra
in the nonhomogeneous coordinate system and let D(j), for j = 1, 2, be the odd
endomorphisms of V defined by
(5.22) D(j)(v) = v(j)− 32 1 for v ∈ V .
Then
(5.23) D(1) = 1√
2
(D+ +D−) and D(2) = i√
2
(D+ −D−),
i.e.,
(5.24) D± = 1√
2
(D(1) ∓ iD(2)),
and for j = 1, 2,
(5.25) Y (D(j)v, (x, ϕ(1), ϕ(2))) =
(
∂
∂ϕ(j)
+ ϕ(j)
∂
∂x
)
Y (v, (x, ϕ(1), ϕ(2))).
Remark 5.5. The D(j)-derivative properties (5.25), for j = 1, 2, show that the
operators D(j) ∈ (End V )1 correspond to the N = 2 superconformal operators D(j)
as defined in (5.19); see Remarks 5.3 and 2.3.
Note that for j = 1, 2
(5.26)
(
∂
∂ϕ(j)
+ ϕ(j)
∂
∂x
)2
=
∂
∂x
,
and for j, k = 1, 2
(5.27)
[
D(j),D(k)
]
= δj,k2D,
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where D = 12 [D+,D−]. Of course the D-derivative property still holds under the
change of variables from homogeneous to nonhomogeneous; that is we still have
(5.28) Y (Dv, (x, ϕ(1), ϕ(2))) = ∂
∂x
Y (v, (x, ϕ(1), ϕ(2))).
Remark 5.6. As noted in Remark 2.5, an N = 2 vertex superalgebra with two
odd formal variables is a representation of ospV
∗
(2|2)<0. In the nonhomogeneous
basis, this representation is given by D(j) 7→ G(j)−1/2, for j = 1, 2, and D 7→ L−1; see
Remark 1.5.
In addition, we have that
(5.29) D(j)(1) = 0 for j = 1, 2,
Y (ex0D+ϕ
(1)
0 D(1)+ϕ(2)0 D(2)v, (x, ϕ(1), ϕ(2)))(5.30)
= e
x0
∂
∂x+ϕ
(1)
0
„
∂
∂ϕ(1)
+ϕ(1) ∂∂x
«
+ϕ
(2)
0
„
∂
∂ϕ(2)
+ϕ(2) ∂∂x
«
Y (v, (x, ϕ(1), ϕ(2)))
= Y (v, (x+ x0 + ϕ
(1)
0 ϕ
(1) + ϕ
(2)
0 ϕ
(2), ϕ
(1)
0 + ϕ
(1), ϕ
(2)
0 + ϕ
(2))),
and
(5.31) exD+ϕ
(1)D(1)+ϕ(2)D(2)v = Y (v, (x, ϕ(1), ϕ(2)))1.
The following skew supersymmetry holds for nonhomogeneous N = 2 vertex oper-
ators
(5.32) Y (u, (x, ϕ(1), ϕ(2)))v
= (−1)η(u)η(v)exD+ϕ(1)D(1)+ϕ(2)D(2)Y (v, (−x,−ϕ(1),−ϕ(2)))u
for u, v of homogeneous sign in V .
In analogy to Proposition 2.8, we have the followingD(j)- andD-bracket-derivative
properties for j = 1, 2:[
D(j), Y (v, (x, ϕ(1), ϕ(2)))
]
=
(
∂
∂ϕ(j)
− ϕ(j) ∂
∂x
)
Y (v, (x, ϕ(1), ϕ(2)))(5.33)
[
D, Y (v, (x, ϕ(1), ϕ(2)))
]
=
∂
∂x
Y (v, (x, ϕ(1), ϕ(2))),(5.34)
and the following D(j)- and D-bracket properties for j = 1, 2:[
D(j), Y (v, (x, ϕ(1), ϕ(2)))
]
= Y (D(j)v, (x, ϕ(1), ϕ(2)))(5.35)
− 2ϕ(j)Y (Dv, (x, ϕ(1), ϕ(2)))[
D, Y (v, (x, ϕ(1), ϕ(2)))
]
= Y (Dv, (x, ϕ(1), ϕ(2))).(5.36)
The following conjugation formula holds
ex0D+ϕ
(1)
0 D(1)+ϕ(2)0 D(2)Y (v, (x, ϕ(1), ϕ(2)))e−x0D−ϕ
(1)
0 D(1)−ϕ(2)0 D(2)(5.37)
= Y (e(x0+2ϕ
(1)ϕ
(1)
0 +2ϕ
(2)ϕ
(2)
0 )D+ϕ
(1)
0 D(1)+ϕ
(2)
0 D(2)v, (x, ϕ(1), ϕ(2)))
= Y (v, (x+ x0 + ϕ
(1)ϕ
(1)
0 + ϕ
(2)ϕ
(2)
0 , ϕ
(1) + ϕ
(1)
0 , ϕ
(2) + ϕ
(2)
0 )).
Again using the notation
Y (v, x) = Y (v, (x, ϕ+, ϕ−))|ϕ+=ϕ−=0 = Y (v, (x, ϕ(1), ϕ(2)))|ϕ(1)=ϕ(2)=0,
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we have for j = 1, 2
(5.38)
[
D(j), Y (v, x)
]
= Y (D(j)v, x),
and
(5.39) Y (v, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
vn + ϕ
(1)[D(1), vn] + ϕ(2)[D(2), vn]
− ϕ(1)ϕ(2)[D(1), [D(2), vn]]
)
x−n−1,
i.e.,
(5.40) v
(j)
n−1/2 = [D(j), vn] for j = 1, 2, and v
(1,2)
n−1 = −[D(1), [D(2), vn]],
or equivalently
(5.41) v
(j)
n−1/2 = (D(j)v)n for j = 1, 2, and v
(1,2)
n−1 = −(D(1)D(2)v)n,
i.e.,
(5.42) Y (v, (x, ϕ(1), ϕ(2))) = Y (v, x) + ϕ(1)Y (D(1)v, x) + ϕ(2)Y (D(2)v, x)
− ϕ(1)ϕ(2)Y (D(1)D(2)v, x).
For u, v ∈ V and n ∈ Z, we have for instance[
u
(j)
− 12
, v
(j)
n− 12
]
= (−1)η(u)+1(u(j)− 12 v)
(j)
n− 12
for j = 1, 2,(5.43) [
u
(1,2)
−1 , v
(1,2)
n
]
= (u
(1,2)
−1 v)
(1,2)
n(5.44)
and in particular,[
u
(j)
− 12
, v
(j)
− 12
]
= (−1)η(u)+1(u(j)− 12 v)
(j)
− 12
for j = 1, 2,(5.45) [
u
(1,2)
−1 , v
(1,2)
−1
]
= (u
(1,2)
−1 v)
(1,2)
−1 .(5.46)
Thus the operators u
(1)
−1/2 form a Lie superalgebra, as do the the operators u
(2)
−1/2,
and the operators u
(1,2)
−1 , respectively.
Remark 5.7. There is a mistake in the equations (34) and (35) in [B3] which give
the corresponding formulas to (5.43) and (5.45) in the N = 1 case. In [B3], the
term (−1)η(u)+1 was erroneously omitted in each of these formulas.
Of course weak supercommutativity and weak associativity can be formulated in
the nonhomogeneous coordinate system as follows: Let (V, Y (·, (x, ϕ(1), ϕ(2))),1) be
anN = 2 vertex superalgebra with two odd formal variables in the nonhomogeneous
coordinate system. There exists k ∈ Z+ such that
(5.47)
(x1 − x2 − ϕ(1)1 ϕ(1)2 − ϕ(2)1 ϕ(2)2 )k
[
Y (u, (x1, ϕ
(1)
1 , ϕ
(2)
1 )), Y (v, (x2, ϕ
(1)
2 , ϕ
(2)
2 ))
]
= 0,
and this weak supercommutativity follows from the truncation condition (5.12) and
the Jacobi identity (5.17). For u,w ∈ V , there exists k ∈ Z+ such that for any
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v ∈ V
(x0 + x2 + ϕ
(1)
1 ϕ
(1)
2 + ϕ
(2)
1 ϕ
(2)
2 )
kY (Y (u, (x0, ϕ
(1)
1 − ϕ(1)2 , ϕ(2)1 − ϕ(2)2 )v,(5.48)
(x2, ϕ
(1)
2 , ϕ
(2)
2 ))w
= (x0 + x2 + ϕ
(1)
1 ϕ
(1)
2 + ϕ
(2)
1 ϕ
(2)
2 )
kY (u, (x0 + x2 + ϕ
(1)
1 ϕ
(1)
2 + ϕ
(2)
1 ϕ
(2)
2 ,
ϕ
(1)
1 , ϕ
(2)
1 ))Y (v, (x2, ϕ
(1)
2 , ϕ
(2)
2 ))w,
and this weak associativity follows from the truncation condition (5.12) and the
Jacobi identity (5.17). Thus we have the following corollary to Proposition 3.3 and
Theorem 3.4:
Corollary 5.8. In the presence of the other axioms in the definition of N = 2
vertex superalgebra with two odd formal variables in the nonhomogeneous coordinate
system, the Jacobi identity (5.17) is equivalent to weak supercommutativity (5.47)
and weak associativity (5.48). Furthermore, the Jacobi identity for an N = 2
vertex superalgebra with two odd formal variables in the nonhomogeneous coordinate
system follows from weak supercommutativity (5.47) in the presence of the other
axioms together with the D(j)-bracket-derivative properties (5.33), for j = 1, 2. In
particular, in the definition of the notion of N = 2 vertex superalgebra with two odd
formal variables in the nonhomogeneous coordinate system, the Jacobi identity can
be replaced by these properties.
In addition, we have the obvious statements of rationality of products, super-
commutativity, rationality of iterates, and associativity obtained from performing
the change of coordinates from homogeneous to nonhomogeneous in Section 3.3, as
well as the analogue of Theorem 3.10.
Remark 5.9. The notion of N = 2 vertex superalgebra is not equivalent to the
notion of “N = 2 superconformal vertex algebra” given in [K2] since in [K2] the
D(j)-bracket-derivative relation in is given (in our notation) by
(5.49)
[
D(j), Y (v, (x, ϕ(1), ϕ(2)))
]
=
(
∂
∂ϕ(j)
+ ϕ(j)
∂
∂x
)
Y (v, (x, ϕ(1), ϕ(2)))
([K2] eq. (5.9.7) and p. 184) which differs from (5.33) by a minus sign. However, in
this case, the minus sign is very important since it determines the correspondence
between the endomorphisms D(j) and the N = 2 superderivations D(j). Our notion
of N = 2 vertex superalgebra is equivalent to the notion of “NK = 2 SUSY vertex
algebra” in [HK] by Corollary 5.8.
5.2. N = 2 Neveu-Schwarz vertex operator superalgebras in the nonho-
mogeneous coordinates. Now let
G(1)(n− 1/2) = 1√
2
(
G+(n− 1/2) +G−(n− 1/2))(5.50)
G(2)(n− 1/2) = i√
2
(
G+(n− 1/2)−G−(n− 1/2)) ,(5.51)
or equivalently
(5.52) G±(n− 1/2) = 1√
2
(
G(1)(n− 1/2)∓ iG(2)(n− 1/2)
)
.
Performing these substitutions along with (5.1), (5.3), (5.4), we have the fol-
lowing notion of N = 2 Neveu-Schwarz vertex operator superalgebra with two odd
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formal variables in the nonhomogeneous coordinate system which is equivalent to
the notion of N = 2 Neveu-Schwarz vertex operator superalgebra with two odd
formal variables in the homogeneous coordinate system given in Definition 2.11.
Definition 5.10. An N = 2 Neveu-Schwarz vertex operator superalgebra over
∧
∗
and with two odd formal variables in the nonhomogeneous coordinate system is a
1
2Z-graded
∧
∗-module (graded by weights)
(5.53) V =
∐
n∈ 12Z
V(n)
such that
(5.54) dimV(n) <∞ for n ∈ 12Z,
(5.55) V(n) = 0 for n sufficiently negative,
equipped with an N = 2 vertex superalgebra structure (V, Y (·, (x, ϕ(1), ϕ(2))),1)
in nonhomogeneous coordinates, and a distinguished vector µ ∈ V 0(1) (the N = 2
Neveu-Schwarz element or N = 2 superconformal element), satisfying the following
conditions: the N = 2 Neveu-Schwarz algebra relations in the nonhomogeneous
basis hold:
[L(m), L(n)] = (m− n)L(m+ n)+ 1
12
(m3 −m)δm+n,0 cV ,(5.56)
[J(m), J(n)] =
1
3
mδm+n,0 cV ,(5.57)
[L(m), J(n)] = −nJ(m+ n),(5.58) [
L(m), G(j)(n+ 1/2)
]
=
(m
2
− n− 1
2
)
G(j)(m+ n+ 1/2),(5.59) [
J(m), G(1)(n+ 1/2)
]
= −iG(2)(m+ n+ 1/2),(5.60) [
J(m), G(2)(n+ 1/2)
]
= iG(1)(m+ n+ 1/2),(5.61) [
G(j)(m+ 1/2), G(j)(n− 1/2)
]
= 2L(m+ n) +
1
3
(m2 +m)δm+n,0 cV ,(5.62) [
G(1)(m+ 1/2), G(2)(n− 1/2)
]
= −i(m− n+ 1)J(m+ n),(5.63)
for m,n ∈ Z, and j = 1, 2, where
J(n) = µn, iG
(2)(n− 1/2) = µ(1)
n− 12
,(5.64)
−iG(1)(n− 1/2) = µ(2)
n− 12
, 2iL(n) = µ(1,2)n ,(5.65)
i.e.,
(5.66) Y (µ, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
J(n)x−n−1 + iϕ(1)G(2)(n+ 1/2)x−n−2
− iϕ(2)G(1)(n+ 1/2)x−n−2 + 2iϕ(1)ϕ(2)L(n)x−n−2
)
and cV ∈ C (the central charge); for n ∈ 12Z and v ∈ V(n)
(5.67) L(0)v = nv
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and in addition, V(n) is the direct sum of eigenspaces for J(0) such that if v ∈ V(n)
is also an eigenvector for J(0) with eigenvalue k, i.e., if
(5.68) J(0)v = kv, then k ≡ 2n mod 2;
and finally for j = 1, 2, the G(j)(−1/2)-derivative properties hold:
(5.69)
(
∂
∂ϕ(j)
+ ϕ(j)
∂
∂x
)
Y (v, (x, ϕ(1), ϕ(2))) = Y (G(j)(−1/2)v, (x, ϕ(1), ϕ(2))).
An N = 2 Neveu-Schwarz vertex operator superalgebra with two odd formal
variables in the nonhomogeneous coordinate system is denoted by
(V, Y (·, (x, ϕ(1), ϕ(2))),1, µ).
Remark 5.11. It is clear that the transformations (5.1), (5.3), (5.4), (5.50), and
(5.51) induce an isomorphism between the category of N = 2 Neveu-Schwarz vertex
operator superalgebras with two odd formal variables in nonhomogeneous coordi-
nates and the category of N = 2 Neveu-Schwarz vertex operator superalgebras with
two odd formal variables in homogeneous coordinates.
Using the notation and results of Section 5.1, we observe that
(5.70) G(j)(−1/2) = D(j) for j = 1, 2.
Remark 5.12. Our notion of N = 2 Neveu-Schwarz vertex operator superalgebra
with two odd formal variables in the nonhomogeneous coordinate system coincides
with the notion of “strongly conformal NK = 2 SUSY vertex algebra” given in [HK]
and [He], with the exception of the additional grading condition (5.68). However,
in [HK] and [He] there are several confusing discrepancies concerning the vertex
operator corresponding to the N = 2 superconformal element µ. To see the dis-
crepancies, we note that in [HK] and [He] their S(j)’s correspond to our D(j)’s for
j = 1, 2, and the D(j)-bracket-derivative properties in [HK] and [He] coincide with
ours (see p. 107 of [HK]) (as opposed to in [K2] where they do not; see Remark
5.9). Thus the formulation of vertex operators with two odd formal variables given
on p.115 of [HK] and on p. 8 of [He] correspond to our equation (5.42). However,
in [HK] and [He], Kac and Heluani conclude (for instance, in equation (2.6.4) in
[HK]), that
(5.71) Y (
√−1J(−1)|0〉, z, θ1, θ2) =
√−1J(z)+ θ1G(2)(z)− θ2G(1)(z) + 2θ1θ2L(z),
where J(z) =
∑
n∈Z Jnz
−n−2, and L(z) =
∑
n∈Z Lnz
−n−2. Now, if one assumes
G(j)(z) =
∑
n∈ 12+ZG
(j)
n z−n−
3
2 , then equation (5.71) is equivalent to
(5.72) Y (µ, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
J(n)x−n−1 − iϕ(1)G(2)(n+ 1/2)x−n−2
+ iϕ(2)G(1)(n+ 1/2)x−n−2 − 2iϕ(1)ϕ(2)L(n)x−n−2
)
instead of (5.66) as we have. On the other hand if one assumes that Kac and Helu-
ani are using the rather bizarre notation that G(j)(z) = −∑n∈ 12+ZG(j)n z−n− 32 as
the equations (2.6.2) of [HK] and the equations on the bottom of p.7 of [He] would
seem to indicate, and in addition one assumes they have changed their notation mid-
stream to have L(z) = −∑nZ Lnz−n−2 as their equation L(z) = (1/2)Y (S2S1iµ, z)
on p. 114 of [HK] and p.7 of [He] would seem to indicate, then the vertex operator
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corresponding to µ would indeed be correct! Note that in this last statement we
are using property (5.74) below.
Remark 5.13. Our notion of N = 2 Neveu-Schwarz vertex operator superalgebra
with two odd formal variables in the nonhomogeneous coordinate system is similar
in spirit to the notion of “N = 2 superconformal vertex operator superalgebra
with odd formal variables” given in [HM]. However their are a couple of typos
in the definition and consequences given in [HM]. In [HM] the vertex operators
incorporate odd variables according to
(5.73) Y (v, (x, ϕ1, ϕ2)) = Y (v, x) + ϕ1Y (G1(−1/2)v, x)
+ ϕ2Y (G2(−1/2)v, x) + ϕ1ϕ2Y (G1(−1/2)G2(−1/2)v, x);
see p. 366 of [HM]. In terms of our notation, G1(−1/2) = G(2)(−1/2) and
G2(−1/2) = G(1)(−1/2), ϕ1 = ϕ(2) and ϕ2 = ϕ(1). Thus by comparing (5.73)
with (5.42) in light of (5.70), one can see that there is a typo in the sign of the last
term of (5.73). Also, their is an additional typo in the vertex operator with odd
formal variables corresponding to µ.
We have the following consequences of the definition of N = 2 Neveu-Schwarz
vertex operator superalgebra with two odd formal variables in the nonhomogeneous
coordinate system:
(5.74) G(j)(n+ 1/2)1 = 0, for n ≥ −1 and j = 1, 2,
(cf. (2.67)). There exist two vectors τ1 = G(1)(−3/2)1 = iG(2)(−1/2)µ and τ2 =
G(2)(−3/2) 1 = −iG(1)(−1/2)µ in V 1(3/2) such that
(5.75) Y (τ1, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
G(1)(n+ 1/2)x−n−2 + 2ϕ(1)L(n)x−n−2
− i(n+ 1)ϕ(2)J(n)x−n−2 − (n+ 2)ϕ(1)ϕ(2)G(2)(n+ 1/2)x−n−3
)
(5.76) Y (τ2, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
G(2)(n+ 1/2)x−n−2 + 2ϕ(2)L(n)x−n−2
+ i(n+ 1)ϕ(1)J(n)x−n−2 + (n+ 2)ϕ(1)ϕ(2)G(1)(n+ 1/2)x−n−3
)
,
as well as ω = L(−2)1 = − i2G(2)(−1/2)G(1)(−1/2)µ in V(2) with
(5.77) Y (ω, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
L(n)x−n−2 − 1
2
(n+ 2)ϕ(1)G(1)(n+ 1/2)x−n−3
− 1
2
(n+ 2)ϕ(2)G(2)(n+ 1/2)x−n−3 +
i
2
(n+ 1)(n+ 2)ϕ(1)ϕ(2)J(n)x−n−3
)
.
Note that
(5.78) τ1 =
1√
2
(τ (+) + τ (−)) and τ2 =
i√
2
(τ (+) − τ (−)),
i.e.
(5.79) τ (±) =
1√
2
(τ1 ∓ iτ2).
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We have
Y (µ, (x, ϕ(1), ϕ(2)))µ(5.80)
= J(1)µx−2 + iϕ(1)G(2)(−1/2)µx−1 − iϕ(2)G(1)(−1/2)µx−1
+2iϕ(1)ϕ(2)µx−2 + 2iϕ(1)ϕ(2)L(−1)µx−1 + y(x, ϕ(1), ϕ(2))
=
1
3
cV 1x
−2 + ϕ(1)G(1)(−3/2)1x−1 + ϕ(2)G(2)(−3/2)1x−1
+2iϕ(1)ϕ(2)J(−1)1x−2 + 2iϕ(1)ϕ(2)J(−2)1x−1 + y(x, ϕ(1), ϕ(2))
=
1
3
cV 1x
−2 + ϕ(1)τ1x−1 + ϕ(2)τ2x−1 + 2iϕ(1)ϕ(2)µx−2
+2iϕ(1)ϕ(2)L(−1)µx−1 + y(x, ϕ(1), ϕ(2))
where y(x, ϕ(1), ϕ(2)) ∈ V [[x]][ϕ(1), ϕ(2)].
SinceG(j)(−1/2) = D(j) for j = 1, 2, the identities forD(j) apply usingG(j)(−1/2)
for j = 1, 2, respectively (and as before D = L(−1)). That is, we now have the
L(−1)-derivative property (5.28), skew supersymmetry (5.32), the G(j)(−1/2)- and
L(−1)-bracket-derivative properties (5.33) and (5.34), and the G(j)(−1/2)- and
L(−1)-bracket properties (5.35) and (5.36) with D(j) = G(j)(−1/2), for j = 1, 2,
and D = L(−1).
In addition,
(5.81)
[
L(0), Y (v, (x, ϕ(1), ϕ(2)))
]
= Y
((
L(0) +
1
2
ϕ(1)G(1)(−1/2)
+
1
2
ϕ(2)G(2)(−1/2) + xL(−1)
)
v, (x, ϕ(1), ϕ(2))
)
(5.82)
[
J(0), Y (v, (x, ϕ(1), ϕ(2)))
]
= Y
((
J(0)− iϕ(1)G(2)(−1/2)
+ iϕ(2)G(1)(−1/2) + 2iϕ(1)ϕ(2)L(−1)
)
v, (x, ϕ(1), ϕ(2))
)
(5.83)
[
G(1)(1/2), Y (v, (x, ϕ(1), ϕ(2)))
]
= Y
((
G(1)(1/2)− 2ϕ(1)L(0) + iϕ(2)J(0)
−ϕ(1)ϕ(2)G(2)(−1/2) + xG(1)(−1/2)− 2xϕ(1)L(−1)
)
v, (x, ϕ(1), ϕ(2))
)
(5.84)
[
G(2)(1/2), Y (v, (x, ϕ(1), ϕ(2)))
]
= Y
((
G(2)(1/2)− 2ϕ(2)L(0)− iϕ(1)J(0)
+ϕ(1)ϕ(2)G(1)(−1/2) + xG(2)(−1/2)− 2xϕ(2)L(−1)
)
v, (x, ϕ(1), ϕ(2))
)
.
Remark 5.14. Recall that by (2.49), the operators u0 form a Lie superalgebra
denoted L0; see Remark 2.14. By (5.45), the operators u(j)−1/2, for j = 1, 2 also form
two Lie superalgebras; denote these by L(j)−1/2, for j = 1, 2, respectively. Finally,
by (5.46), the operators u
(1,2)
−1 form a Lie superalgebra which by (5.4) is isomorphic
to the Lie superalgebra generated by u+−−1 and denoted by L+−−1 ; see Remark 2.14.
Since τ j0 = G
(j)(−1/2) = D(j), by (5.40), we have that L(j)−1/2, for j = 1, 2, are
subalgebras of L0.
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We continue to use the notation wt v = n for v ∈ V satisfying L(0)v = nv, and
wtJ v = n for v ∈ V satisfying J(0)v = nv. From (5.81), and using the L(−1)- and
G(j)(−1/2)-derivative properties, for j = 1, 2, we obtain the following:
wt vn = wt v
(1,2)
n = wt v − n− 1,(5.85)
wt v
(j)
n− 12
= wt v − (n− 1
2
)− 1, for j = 1, 2(5.86)
for n ∈ Z and for v ∈ V of homogeneous weight with respect to L(0). From (5.82),
and using the L(−1)-, G(j)(−1/2)-derivative properties, we obtain the following:
(5.87) wtJ vn = wt
J v(1,2)n = wt
J v
for n ∈ Z and for v ∈ V of homogeneous weight with respect to the J(0) grading.
However v
(j)
n−1/2 for j = 1, 2, are in general nonhomogeneous operators with respect
to the J(0) grading. In fact, for v, w ∈ V of homogeneous weight with respect to
J(0), we have
J(0)v
(1)
n− 12
w = (wtJv +wtJw)v
(1)
n− 12
w − iv(2)
n− 12
w(5.88)
J(0)v
(2)
n− 12
w = (wtJv +wtJw)v
(2)
n− 12
w + iv
(1)
n− 12
w.(5.89)
Remark 5.15. The action of J(0) on the endomorphisms v
(j)
n−1/2 given in (5.88) and
(5.89) versus the action of J(0) on v±j−1/2 given in (2.83) provide another motiva-
tion for our terminology in calling the (x, ϕ+, ϕ−) coordinate system homogeneous
and the (x, ϕ(1), ϕ(2)) coordinate system nonhomogeneous. That is, for v ∈ V ho-
mogeneous with respect to the J(0)-grading, the endomorphisms v±n−1/2 are also
homogeneous with respect to this grading whereas the endomorphisms v
(j)
n−1/2, for
j = 1, 2 are not.
As a consequence of the above L(0)-grading properties (5.85) and (5.86), we have
the following property in analogy to the homogeneous case (2.84)
(5.90) x
2L(0)
0 Y (v, (x, ϕ
(1), ϕ(2)))x
−2L(0)
0 = Y (x
2L(0)
0 v, (x
2
0x, x0ϕ
(1), x0ϕ
(2))).
However from the J(0)-grading properties (5.87)–(5.89), we have the following prop-
erty which is very different from the homogeneous case given in (2.85),
(5.91) x
J(0)
0 Y (v, (x, ϕ
(1), ϕ(2)))x
−J(0)
0 = Y
(
x
J(0)
0 v,
(
x,
ϕ(1)
2
(x0 + x
−1
0 )
+
iϕ(2)
2
(x0 − x−10 ),−
iϕ(1)
2
(x0 − x−10 ) +
ϕ(2)
2
(x0 + x
−1
0 )
))
.
Equation (5.91) can be expressed as
(5.92) ex0J(0)Y (v, (x, ϕ(1), ϕ(2)))e−x0J(0)
= Y (ex0J(0)v, (x, ϕ(1) coshx0+iϕ
(2) sinhx0,−iϕ(1) sinhx0+ϕ(2) coshx0)).
For a, b ∈ (∧0∗)× recall the map γ(a,b) : V → V defined by (2.86), that is
γ(a,b)(v) = a
2L(0)bJ(0)v for v ∈ V . Writing b = eβ for β ∈ ∧0∗, and using (5.90) and
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(5.91), we have that
(5.93) γ(a,eβ) ◦ Y (v, (x, ϕ(1), ϕ(2))) ◦ γ−1(a,eβ)
= Y (γ(a,eβ)(v), (a
2x, aϕ(1) coshβ+iaϕ(2) sinhβ,−iaϕ(1) sinhβ+aϕ(2) coshβ)),
for a ∈ (∧0∗)× and β ∈ ∧0∗. Thus we have the following lemma:
Lemma 5.16. Let (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ) be an N = 2 Neveu-Schwarz vertex
operator superalgebra in the nonhomogeneous basis. Then (V, Y (·, (a2x, aϕ(1) coshβ+
iaϕ(2) sinhβ,−iaϕ(1) sinhβ+aϕ(2) coshβ)),1, a2µ) is isomorphic to (V, Y (·, (x, ϕ(1),
ϕ(2))),1, µ), for a ∈ (∧0∗)× and β ∈ ∧0∗.
Remark 5.17. Given an N = 2 Neveu-Schwarz vertex operator superalgebra in
nonhomogeneous coordinates (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ), the automorphisms of
the nonhomogeneous N = 2 Neveu-Schwarz algebra (1.17)–(1.20), give rise to the
followingN = 2 Neveu-Schwarz vertex operator superalgebras which are isomorphic
to (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ): We have the following family of N = 2 Neveu-
Schwarz vertex operator superalgebras in nonhomogeneous coordinates which have
the same N = 2 Neveu-Schwarz algebra element µ
(5.94) (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ) ∼= (V, Y (·, (x, ϕ(1) coshβ + iϕ(2) sinhβ,
− iϕ(1) sinhβ + ϕ(2) coshβ)),1, µ)
for β ∈ ∧0∗, which correspond to the isomorphisms γ(1,eβ) defined in (2.86). In
addition, we have the isomorphism
(5.95) (V, Y (·, (x, ϕ(1),−ϕ(2))),1, µ) ∼= (V, Y (·, (x, ϕ(1), ϕ(2))),1,−µ)
which does not preserve the N = 2 Neveu-Schwarz algebra element but does pre-
serve the “Virasoro element” ω = L(−2)1. And, of course, the composition of these
isomorphisms gives the following continuous family of isomorphic N = 2 Neveu-
Schwarz vertex operator superalgebras in nonhomogeneous coordinates which pre-
serve ω but not µ
(5.96) (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ) ∼= (V, Y (·, (x,−iϕ(1) sinhβ + ϕ(2) coshβ,
ϕ(1) coshβ + iϕ(2) sinhβ)),1,−µ)
for β ∈ ∧0∗. Cf. Remark 2.16.
One can see some aspects of the correspondence with the geometry of N = 2
super-Riemann spheres with tubes in the nonhomogeneous coordinates by recalling
from [B7] that such objects are topological superspaces whose transition functions
are N = 2 superconformal, meaning they transform the superdifferential operators
D(j), for j = 1, 2, defined by (5.19), homogeneously of degree one in each of the
D(j)’s for j = 1, 2; see Remark 5.3. As noted in Remark 5.5 the D(j) = G(j)(−1/2)-
derivative properties in the notion of N = 2 (Neveu-Schwarz) vertex (operator)
superalgebra with two odd formal variables in the nonhomogeneous coordinate sys-
tem show some of the correspondence with the notion of N = 2 superconformality
in the nonhomogeneous coordinate system. In addition, here we note that in [B7]
we prove the following proposition:
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Proposition 5.18. ([B7]) There is a bijection between formal N = 2 supercon-
formal functions in the nonhomogeneous coordinate system vanishing at zero and
invertible in a neighborhood of zero and expressions of the form
(5.97) exp
(
−
∑
n∈Z+
(
A(1)n Ln(x, ϕ
(1), ϕ(2)) +A(2)n Jn(x, ϕ
(1), ϕ(2))
+M
(1)
n− 12
G
(1)
n− 12
(x, ϕ(1), ϕ(2)) +M
(2)
n− 12
G
(2)
n− 12
(x, ϕ(1), ϕ(2))
))
·
(a
(1)
0 )
−2L0(x,ϕ(1),ϕ(2)) · (a(2)0 )−J0(x,ϕ
(1),ϕ(2)) · (x, ϕ(1), ϕ(2))
for (a
(1)
0 , a
(2)
0 ) ∈ ((
∧0
∗)
×)2/〈(−1,−1)〉, and A(j)n ∈
∧0
∗ and M
(j)
n−1/2 ∈
∧1
∗, for n ∈
Z+, and j = 1, 2 where
Ln(x, ϕ
(1), ϕ(2)) = −
(
xn+1
∂
∂x
+ (
n+ 1
2
)xn
(
ϕ(1)
∂
∂ϕ(1)
+ ϕ(2)
∂
∂ϕ(2)
))
(5.98)
Jn(x, ϕ
(1), ϕ(2)) = ixn
(
ϕ(1)
∂
∂ϕ(2)
− ϕ(2) ∂
∂ϕ(1)
)
(5.99)
G
(1)
n− 12
(x, ϕ(1), ϕ(2)) = −
(
xn
( ∂
∂ϕ(1)
− ϕ(1) ∂
∂x
)
− nxn−1ϕ(1)ϕ(2) ∂
∂ϕ(2)
)
(5.100)
G
(2)
n− 12
(x, ϕ(1), ϕ(2)) = −
(
xn
( ∂
∂ϕ(2)
− ϕ(2) ∂
∂x
)
+ nxn−1ϕ(1)ϕ(2)
∂
∂ϕ(1)
)
(5.101)
are superderivations in Der(
∧
∗[[x, x
−1]][ϕ(1), ϕ(2)]), for n ∈ Z, which give a rep-
resentation of the N = 2 Neveu-Schwarz algebra with central charge zero in the
nonhomogeneous basis; that is (5.98)–(5.101) satisfy (1.11)–(1.16) with d = 0.
Similarly, there is a bijection between formal N = 2 superconformal functions in
the nonhomogeneous coordinate system vanishing at (∞, 0, 0) and invertible in a
neighborhood of (∞, 0, 0) and expressions of the form
(5.102) exp
(∑
n∈Z+
(
A(1)n L−n(x, ϕ
(1), ϕ(2))−A(2)n J−n(x, ϕ(1), ϕ(2))
+ iM
(1)
n− 12
G
(1)
−n+ 12
(x, ϕ(1), ϕ(2)) + iM
(2)
n− 12
G
(2)
−n+ 12
(x, ϕ(1), ϕ(2))
))
·
(a
(1)
0 )
2L0(x,ϕ
(1),ϕ(2)) · (a(2)0 )−J0(x,ϕ
(1),ϕ(2)) ·
(
1
x
,
iϕ(1)
x
,
iϕ(1)
x
)
.
Let SC(2, 0) denote the set of formal N = 2 superconformal functions vanishing
at zero and invertible in a neighborhood of zero. It is clear that SC(2, 0) is a
group under composition. Let A(j) = {A(j)n }n∈Z+ and M (j) = {M (j)n−1/2}n∈Z+ , for
j = 1, 2. Let (
∧k
∗)
∞ denote the set of all infinite sequences in
∧k
∗ for k = 0, 1, and
let
∧∞
∗ = (
∧0
∗)
∞ ⊕ (∧1∗)∞. Let
(5.103) G = (∧0∗)×)2/〈(−1,−1)〉 × (∧∞∗ )2.
Define the map
(5.104) Eˆ2 : G −→ SC(2, 0)
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by
(5.105) Eˆ2(a
(1)
0 , a
(2)
0 , A
(1), A(2),M (1),M (2))
= exp
(
−
∑
n∈Z+
(
A(1)n Ln(x, ϕ
(1), ϕ(2)) +A(2)n Jn(x, ϕ
(1), ϕ(2))
+M
(1)
n− 12
G
(1)
n− 12
(x, ϕ(1), ϕ(2)) +M
(2)
n− 12
G
(2)
n− 12
(x, ϕ(1), ϕ(2))
))
·
(a
(1)
0 )
−2L0(x,ϕ(1),ϕ(2)) · (a(2)0 )−J0(x,ϕ
(1),ϕ(2)) · (x, ϕ(1), ϕ(2)).
It is clear that Eˆ2 is a bijection. Let g, h ∈ G with g = (a(1)0 , a(2)0 , A(1), A(2),M (1),M (2))
and h = (b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)). We define the N = 2 composition at zero
map
◦0 : G × G −→ G(5.106)
(g, h) 7→ g ◦0 h
by
g ◦0 h(5.107)
= (a
(1)
0 , a
(2)
0 , A
(1), A(2),M (1),M (2)) ◦0 (b(1)0 , b(2)0 , B(1), B(2), N (1), N (2))
= Eˆ−12
(
Eˆ2(b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)) ◦ Eˆ2(a(1)0 , a(2)0 , A(1),
A(2),M (1),M (2))
)
.
For (A(1), A(2),M (1),M (2)) ∈ (∧∞∗ )2, define
(5.108) T ((A(1), A(2),M (1),M (2)), (x, ϕ(1), ϕ(2)))
= −
∑
n∈Z+
(
A(1)n Ln(x, ϕ
(1), ϕ(2)) +A(2)n Jn(x, ϕ
(1), ϕ(2))
+M
(1)
n− 12
G
(1)
n− 12
(x, ϕ(1), ϕ(2)) +M
(2)
n− 12
G
(2)
n− 12
(x, ϕ(1), ϕ(2))
)
.
The next proposition follows from Propositions 6.12 and 6.15 in [B7], translated
from homogeneous to nonhomogeneous coordinates.
Proposition 5.19. ([B7]) The set G = (∧0∗)×)2/〈(−1,−1)〉 × (∧∞∗ )2 is a group
under the composition operation ◦0 defined by (5.107). In fact, (G, ◦0) is isomor-
phic to the opposite group of the group of formal N = 2 superconformal functions
vanishing at zero and invertible in a neighborhood of zero under composition, i.e.,
(5.109) (G, ◦0) ∼= (SC(2, 0), ◦)op.
Furthermore for g, h ∈ G with g = (a(1)0 , a(2)0 , A(1), A(2),M (1),M (2)) and h =
(b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)), we have that if
(5.110) g ◦0 h = (c(1)0 , c(2)0 , C(1), C(2), O(1), O(2))
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then (c
(1)
0 , c
(2)
0 , C
(1), C(2), O(1), O(2)) ∈ G is given by
eT ((C
(1),C(2),O(1),O(2)),(x,ϕ(1),ϕ(2))) · (c(1)0 )−2L0(x,ϕ
(1),ϕ(2)) · (c(2)0 )−J0(x,ϕ
(1),ϕ(2))(5.111)
= eT ((A
(1),A(2),M(1),M(2)),(x,ϕ(1),ϕ(2))) · (a(1)0 )−2L0(x,ϕ
(1),ϕ(2))
·(a(2)0 )−J0(x,ϕ
(1),ϕ(2)) · eT ((B(1),B(2),N(1),N(2)),(x,ϕ(1),ϕ(2)))
·(b(1)0 )−2L0(x,ϕ
(1),ϕ(2)) · (b(2)0 )−J0(x,ϕ
(1),ϕ(2)).
Similarly, letting SC(2,∞) denote the set of formal N = 2 superconformal
functions vanishing at infinity and invertible in a neighborhood of infinity. Let
I2(x, ϕ
(1), ϕ(2)) = (1/x, iϕ(1)/x, iϕ(2)/x). Then SC(2,∞) is a group under the op-
eration
(5.112) f1 · f2 = f1 ◦ I−12 ◦ f2.
Again let g, h ∈ G with g = (a(1)0 , a(2)0 , A(1), A(2),M (1),M (2)) and h = (b(1)0 , b(2)0 ,
B(1), B(2), N (1), N (2)). We define the N = 2 composition at infinity map
◦∞ : G × G −→ G(5.113)
(g, h) 7→ g ◦∞ h
as follows: let
(5.114) (c
(1)
0 , c
(2)
0 , C
(1),−C(2),−iO(1),−iO(2))
= Eˆ−12
(
Eˆ2(b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)) ◦ I−12 ◦ Eˆ2(a(1)0 , a(2)0 , A(1),
A(2),M (1),M (2)) ◦ I−12
)
then define
g ◦∞ h(5.115)
= (a
(1)
0 , a
(2)
0 , A
(1), A(2),M (1),M (2)) ◦∞ (b(1)0 , b(2)0 , B(1), B(2), N (1), N (2))
= (c
(1)
0 , c
(2)
0 , C
(1), C(2), O(1), O(2)).
The next proposition follows from Proposition 6.20 and Corollary 6.21 in [B7],
translated from homogeneous to nonhomogeneous coordinates.
Proposition 5.20. ([B7]) The set G = (∧0∗)×)2/〈(−1,−1)〉×(∧∞∗ )2 is a group un-
der the composition operation ◦∞ defined by (5.115). In fact, (G, ◦∞) is isomorphic
to the opposite group of the group of formal N = 2 superconformal functions van-
ishing at infinity and invertible in a neighborhood of infinity under the composition
(5.112), i.e.
(5.116) (G, ◦∞) ∼= (SC(2,∞), ·)op.
Furthermore for g, h ∈ G with g = (a(1)0 , a(2)0 , A(1), A(2),M (1),M (2)) and h =
(b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)), we have that if
(5.117) g ◦∞ h = (c(1)0 , c(2)0 , C(1), C(2), O(1), O(2))
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then (c
(1)
0 , c
(2)
0 , C
(1), C(2), O(1), O(2)) ∈ G is given by
eT ((C
(1),−C(2),−iO(1),−iO(2)),I2(x,ϕ(1),ϕ(2))) · (c(1)0 )2L0(x,ϕ
(1),ϕ(2))(5.118)
·(c(2)0 )−J0(x,ϕ
(1),ϕ(2))
= eT ((A
(1),−A(2),−iM(1),−iM(2)),I2(x,ϕ(1),ϕ(2))) · (a(1)0 )2L0(x,ϕ
(1),ϕ(2))
·(a(2)0 )−J0(x,ϕ
(1),ϕ(2)) · eT ((B(1),−B(2),−iN(1),−iN(2)),I2(x,ϕ(1),ϕ(2)))
·(b(1)0 )2L0(x,ϕ
(1),ϕ(2)) · (b(2)0 )−J0(x,ϕ
(1),ϕ(2)).
In light of Proposition 5.18, properties such as (5.93) can be rewritten as
(5.119) a2L(0)bJ(0)Y (v, (x, ϕ(1), ϕ(2)))a−2L(0)b−J(0)
= Y (a2L(0)bJ(0)v, a−2L0(x,ϕ
(1),ϕ(2))b−J0(x,ϕ
(1),ϕ(2))(x, ϕ(1), ϕ(2))),
where using (5.98) and (5.99), we have the following N = 2 superconformal change
of variables vanishing at zero and invertible in a neighborhood of zero in the non-
homogeneous coordinate system
a−2L0(x,ϕ
(1),ϕ(2))b−J0(x,ϕ
(1),ϕ(2))(x, ϕ(1), ϕ(2))(5.120)
= a
„
2x ∂∂x+ϕ
(1) ∂
∂ϕ(1)
+ 12ϕ
(2) ∂
∂ϕ(2)
«
b
−i
„
ϕ(1) ∂
∂ϕ(2)
−ϕ(2) ∂
∂ϕ(1)
«
(x, ϕ(1), ϕ(2))
=
(
a2x,
a
2
ϕ(1)(b + b−1) +
ia
2
ϕ(2)(b− b−1), −ia
2
ϕ(1)(b− b−1)
+
a
2
ϕ(2)(b+ b−1)
)
.
Another example of change of variables interpretation is that (5.37) can be ex-
pressed as
ex0L(−1)+ϕ
(1)
0 G
(1)(−1/2)+ϕ(2)0 G(2)(−1/2)Y (v, (x, ϕ(1), ϕ(2)))(5.121)
·e−x0L(−1)−ϕ(1)0 G(1)(−1/2)−ϕ(2)0 G(2)(−1/2)
=Y (v, e−x0L−1(x,ϕ
(1),ϕ(2))−ϕ(1)0 G
(1)
−1/2(x,ϕ
(1),ϕ(2))−ϕ(2)0 G
(2)
−1/2(x,ϕ
(1),ϕ(2))(x, ϕ(1), ϕ(2))).
Remark 5.21. We see from the discussion above that one can think of (5.119) and
(5.121) as a change of variables formula related to a certain change of variables of
the form (5.97) or (5.102), respectively. See also Remark 2.18.
Remark 5.22. Proposition 5.18 and Remark 5.21 reflect the connection between
N = 2 Neveu-Schwarz vertex operator superalgebras with two odd formal variables
and N = 2 superconformal functions. In a Section 6, we show that there is an
equivalent notion of “N = 2 vertex superalgebra with one odd formal variable”
that is related to a different but equivalent superfunctional setting, namely that of
N = 1 superanalytic (as opposed to superconformal) functions.
Remark 5.23. Given an N = 2 Neveu-Schwarz vertex operator superalgebra with
two odd formal variables in nonhomogeneous coordinates (V, Y (·, (x, ϕ(1), ϕ(2))),1,
µ), and setting ϕ(1) = ϕ(2) = 0, we have the notion of “N = 2 Neveu-Schwarz
vertex operator superalgebra without odd formal variables in the nonhomogeneous
basis” given by (V, Y (·, (x, 0, 0)),1, τ1 = G(1)(−3/2)1, τ2 = G(2)(−3/2)1). Note
that we require that the two elements τ j for j = 1, 2, in V(3/2) be specified in
contrast to the corresponding notion with formal variables in which we specify just
68 KATRINA BARRON
one vector giving rise to the N = 2 Neveu-Schwarz algebra in the nonhomogeneous
basis, namely µ ∈ V(1). This is because, in analogy to the homogeneous case
(see Remark 4.5), if we do not include odd formal variables we need these two
vectors in order to give a full generating set for the N = 2 Neveu-Schwarz algebra
in the nonhomogeneous basis. However, unlike in the homogeneous case, in the
nonhomogeneous case, we could also specify µ and one of τ1 or τ2. Of course via
Remark 5.11 and Theorem 4.12, we see that the category of N = 2 (Neveu-Schwarz)
vertex (operator) superalgebras without odd formal variables in the homogeneous
and in the nonhomogeneous coordinate basis are isomorphic.
We have the following corollary to Proposition 2.19:
Corollary 5.24. Let (V, Y (·, (x, ϕ(1), ϕ(2))),1) be an N = 2 vertex superalgebra
with two odd formal variables in the nonhomogeneous coordinates system, and let
D(j), for j = 1, 2, be defined by (5.22). Let D = 12 [D(1),D(2)]. If µ ∈ V , satisfies
(5.122) Y (µ, (x, ϕ(1), ϕ(2)))µ =
1
3
c1x−2 + iϕ(1)D(2)µx−1 − iϕ(2)D(1)µx−1
+ 2iϕ(1)ϕ(2)µx−2 + 2iϕ(1)ϕ(2)Dµx−1 + y(x, ϕ(1), ϕ(2))
for some c ∈ C and y ∈ V [[x]][ϕ(1), ϕ(2)], that is if
µ1µ =
1
3
c1(5.123)
µ
(1)
− 12
µ = iD(2)µ = iµ(2)− 321(5.124)
µ
(2)
− 12
µ = −iD(1)µ = −iµ(1)− 32 1(5.125)
µ
(1,2)
0 µ = 2iµ(5.126)
µ
(1,2)
−1 µ = 2iDµ = 2iµ−21(5.127)
and
(5.128) µn−1µ = µ
(j)
n− 12
µ = µ(1,2)n µ = 0 for n ≥ 1 and j = 1, 2,
then defining L(n), J(n), G(j)(n − 1/2) ∈ EndV , for n ∈ Z and j = 1, 2, by µn =
J(n), µ
(1)
n−1/2 = iG
(2)(n− 1/2), µ(2)n−1/2 = −iG(1)(n− 1/2) and µ
(1,2)
n = 2iL(n), we
have that L(n), J(n), and G(j)(n− 1/2) satisfy the relations for the N = 2 Neveu-
Schwarz algebra in the nonhomogeneous basis (5.56)–(5.63) with central charge c.
6. N = 1 superanalytic fields and N = 2 (Neveu-Schwarz) vertex
(operator) superalgebras with one odd formal variable
In [B2] (see also [B3]), we introduced the notion of “N = 1 Neveu-Schwarz vertex
operator superalgebra with odd formal variables”. If (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ) is
an N = 2 Neveu-Schwarz vertex operator superalgebra with two odd formal vari-
ables in the nonhomogeneous coordinate system, then (V, Y (·, (x, ϕ(1), 0)),1, τ1)
and (V, Y (·, (x, 0, ϕ(2))),1, τ2) are both N = 1 Neveu-Schwarz vertex operator su-
peralgebras with one odd formal variable where τ j = G(j)(−3/2)1 for j = 1, 2,
i.e. τ1 = iG(2)(−1/2)µ and τ2 = −iG(1)(−1/2)µ; see (5.75) and (5.76). In this
section, we will see that there is in fact a deeper connection between N = 1 Neveu-
Schwarz vertex operator superalgebras and N = 2 Neveu-Schwarz vertex operator
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superalgebras. In particular, this will lead us to the notion of “N = 2 (Neveu-
Schwarz) vertex (operator) superalgebras with one odd formal variable” motivated
by N = 1 superanalytic geometry or equivalently continuously deformed N = 1
superconformal geometry.
6.1. The N = 1 Neveu-Schwarz algebra and formal N = 1 superconformal
functions. The N = 1 Neveu-Schwarz algebra is the Lie superalgebra which has
a basis consisting of the central element d, even elements Ln and odd elements
Gn+1/2 for n ∈ Z, and commutation relations
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0 d,(6.1) [
Lm, Gn+ 12
]
=
(
m
2
− n− 1
2
)
Gm+n+ 12 ,(6.2) [
Gm+ 12 , Gn− 12
]
= 2Lm+n +
1
3
(m2 +m)δm+n,0 d,(6.3)
for m,n ∈ Z. Note that there are two copies of the N = 1 Neveu-Schwarz algebra
in the N = 2 Neveu-Schwarz algebra, namely spanV
∗
{Ln, G(j)n−1/2, d | n ∈ Z} for
j = 1 and for j = 2.
Remark 6.1. The subalgebra spanV
∗
{L−1, G−1/2, L0, G1/2, L1} of the N = 1
Neveu-Schwarz algebra is the orthogonal-symplectic algebra ospV
∗
(1|2); see [K1],
[B4]. This is the Lie superalgebra of “infinitesimal N = 1 superconformal transfor-
mations of the N = 1 super-Riemann sphere” as shown in [CR], see also [B4].
We will denote the subalgebra of ospV
∗
(1|2) given by spanV
∗
{L−1, G−1/2} by
ospV
∗
(1|2)<0.
Formally, we say that a power series f(x, ϕ) = (x˜, ϕ˜) with x˜ ∈ (∧∗[[x, x−1]][ϕ])0
and ϕ˜ ∈ (∧∗[[x, x−1]][ϕ])1 is N = 1 superanalytic. In addition, f is N = 1 super-
conformal in x and ϕ if and only if it satisfies
(6.4) D1x˜− ϕ˜D1ϕ˜ = 0
where
(6.5) D1 =
∂
∂ϕ
+ ϕ
∂
∂x
(see [Fd], [B4] and cf. Remark 5.3). For a superanalytic power series f , the condi-
tion (6.4) is equivalent to requiring that f transform the N = 1 super-differential
operator D1 homogeneously of degree one [B4]. (In the literature for the N = 1
case D1 is usually denoted D; however, we have already used D to denote
∂
∂x , and
thus we will instead use D1.)
In [B4] (see also [B2]), the following proposition was proved:
Proposition 6.2. ([B4]) There is a bijection between formal N = 1 superconformal
functions vanishing at zero and invertible in a neighborhood of zero and expressions
of the form
(6.6) exp
(
−
∑
n∈Z+
(
AnLn(x, ϕ) +Mn− 12Gn− 12 (x, ϕ)
))
· a−2L0(x,ϕ)0 · (x, ϕ)
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for a0 ∈ (
∧0
∗)
×, and An ∈
∧0
∗ and Mn−1/2 ∈
∧1
∗, for n ∈ Z+, where
Ln(x, ϕ) = −
(
xn+1
∂
∂x
+
(n+ 1
2
)
xnϕ
∂
∂ϕ
)
(6.7)
Gn− 12 (x, ϕ) = −x
n
( ∂
∂ϕ
− ϕ ∂
∂x
)
(6.8)
are superderivations in Der(
∧
∗[[x, x
−1]][ϕ]), for n ∈ Z, which give a representation
of the N = 1 Neveu-Schwarz algebra with central charge zero; that is (6.7) and (6.8)
satisfy (6.1)–(6.3) with d = 0. Similarly, there is a bijection between formal N = 1
superconformal functions vanishing at (∞, 0) and invertible in a neighborhood of
(∞, 0) and expressions of the form
(6.9) exp
(∑
n∈Z+
(
AnL−n(x, ϕ) + iMn− 12G−n+ 12 (x, ϕ)
))
· a2L0(x,ϕ)0 ·
(
1
x
,
iϕ
x
)
.
6.2. Alternate notions of N = 1 superconformality and continuous de-
formations of N = 1 (Neveu-Schwarz) vertex (operator) superalgebras
with one odd formal variable. The key property of the operator D1 in N = 1
superconformal field theory is simply that it satisfies (D1)
2 = ∂∂x . Let s ∈ (
∧0
∗)
×
and σ ∈ ∧1∗. Define
(6.10) D(s,σ) =
1
s
∂
∂ϕ
+ (sϕ+ σ)
∂
∂x
.
Then D(s,σ) is an odd superderivation in Der
∧
∗[[x, x
−1]][ϕ] and
(6.11) (D(s,σ))
2 =
∂
∂x
.
In fact, it is not hard to verify that a superderivation T ∈ Der ∈ ∧∗[[x, x−1]][ϕ]
satisfies T 2 = ∂∂x if and only if T = D(s,σ) for some s ∈ (
∧0
∗)
× and σ ∈ ∧1∗. This
continuous family of derivations satisfying (6.11) was first given in [B1] (see also
[B2]). If we let s = 1 and σ = 0, then D(1,0) = D1 is the standard superderivation
used to define N = 1 superconformality and D(s,σ) is a deformation of D(1,0) by
the N = 1 superanalytic (but not N = 1 superconformal) transformation
(6.12) ϕ 7→ sϕ+ σ.
Since all D(s,σ) satisfy (6.11) it makes sense to consider N = 1 superconformal
field theory – the geometric and algebraic aspects of the theory – where instead of
D(1,0), we use D(s,σ). We will call such a theory N = 1 D(s,σ)-superconformal. For
the purposes of this paper, we restrict ourselves to σ = 0, and from now on will
write D(s,0) = Ds.
In [B1]–[B5] the author gave a rigorous study of the moduli space of genus-zero
N = 1 super-Riemann surfaces with tubes, modulo N = 1 superconformal equiv-
alence. These “N = 1 superspheres with tubes” model certain worldsheets, and a
tube (representing a propagating N = 1 superstring) is N = 1 superconformally
equivalent to a puncture on the N = 1 supersphere with a local N = 1 supercon-
formal coordinate chart vanishing at the puncture [B4]. In [B4] (see also [B2]), the
author proved Proposition 6.2 which shows that these local N = 1 superconformal
coordinates can be expressed in terms of exponentials of certain N = 1 superderiva-
tions, and that these N = 1 superderivations give a representation of the N = 1
Neveu-Schwarz algebra with zero central charge [NS]. In [B4] a sewing operation
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on this moduli space was defined using local N = 1 superconformal coordinates
and an interpretation of sewing in terms of the exponentials of representatives of
N = 1 Neveu-Schwarz algebra elements was formulated. Using this supergeometric
structure, in [B5] the author introduced the notion of N = 1 supergeometric vertex
operator superalgebra with central charge c ∈ C and proved the following theorem.
Theorem 6.3. ([B5]) Assuming the convergence of certain projective factors, the
category of N = 1 supergeometric vertex operator superalgebras with central charge
c ∈ C is isomorphic to the category of (superalgebraic) N = 1 Neveu-Schwarz vertex
operator superalgebras with central charge c ∈ C ([B3]).
The proof of this theorem involves algebraic, differential geometric, and analytic
techniques. As part of this rigorization of the correspondence between N = 1
Neveu-Schwarz vertex operator superalgebras and the worldsheet supergeometry of
genus-zero superconformal field theory, the author was able to formulate the odd
variable components for N = 1 Neveu-Schwarz vertex operator superalgebras [B3]
so that the formal algebraic notions reflected the differential supergeometry.
With the motivation above, we can repeat the work of the author in [B1]–[B5]
using the operator Ds for s ∈ (
∧0
∗)
×, or in other words deforming the odd variable
by ϕ 7→ sϕ. In particular, we will say that a formal power series f(x, ϕ) = (x˜, ϕ˜) ∈∧
∗[[x, x
−1]][ϕ] is N = 1 Ds-superconformal in x and ϕ if and only if f satisfies
(6.13) Dsx˜− sϕ˜Dssϕ˜ = 0
for
(6.14) Ds =
1
s
∂
∂ϕ
+ sϕ
∂
∂x
.
For a formal superanalytic function f in one even variable and one odd variables
the condition (6.13) is equivalent to requiring that f transform the N = 1 super-
differential operator Ds homogeneously of degree one.
We have the following corollary to Proposition 6.2:
Corollary 6.4. There is a bijection between formal N = 1 Ds-superconformal
functions vanishing at zero and invertible in a neighborhood of zero and expressions
of the form
(6.15) exp
(
−
∑
n∈Z+
(
AnLs,n(x, ϕ) +Mn− 12Gs,n− 12 (x, ϕ)
))
· a−2Ls,0(x,ϕ)0 · (x, ϕ)
for a0 ∈ (
∧0
∗)
×, and An ∈
∧0
∗ and Mn−1/2 ∈
∧1
∗, for n ∈ Z+, where
Ls,n(x, ϕ) = Ln(x, sϕ) = −
(
xn+1
∂
∂x
+
(n+ 1
2
)
xnϕ
∂
∂ϕ
)
(6.16)
= Ln(x, ϕ)
Gs,n− 12 (x, ϕ) = Gn− 12 (x, sϕ) = −x
n
(1
s
∂
∂ϕ
− sϕ ∂
∂x
)
(6.17)
are superderivations in Der(
∧
∗[[x, x
−1]][ϕ]), for n ∈ Z, which give a representa-
tion of the N = 1 Neveu-Schwarz algebra with central charge zero; that is (6.16)
and (6.17) satisfy (6.1)–(6.3) with d = 0. Similarly, there is a bijection between
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formal N = 1 Ds-superconformal functions vanishing at (∞, 0) and invertible in a
neighborhood of (∞, 0) and expressions of the form
(6.18) exp
(∑
n∈Z+
(
AnLs,−n(x, ϕ)+iMn− 12Gs,−n+ 12 (x, ϕ)
))
·a2Ls,0(x,ϕ)0 ·
(
1
x
,
iϕ
x
)
.
Following the work of the author in [B1]–[B5] in this setting, this then gives rise
to the algebraic notions of “N = 1 Ds-vertex superalgebra” and “N = 1 Ds-Neveu-
Schwarz vertex operator superalgebra” as we present below.
Definition 6.5. For s ∈ (∧0∗)×, an N = 1 Ds-vertex superalgebra over ∧∗ and
with odd formal variables consists of a Z2-graded
∧
∗-module (graded by sign η)
(6.19) V = V 0 ⊕ V 1
equipped, first, with a linear map
V −→ (End V )[[x, x−1]][ϕ](6.20)
v 7→ Ys(v, (x, ϕ)) =
∑
n∈Z
(
vn + ϕvn− 12
)
x−n−1,
where for the Z2-grading of End V induced from that of V , we have
(6.21) vn ∈ (End V )η(v), and vn− 12 ∈ (End V )
(η(v)+1) mod 2,
for v of homogeneous sign in V , x is an even formal variable, ϕ is an odd formal
variables, and where Ys(v, (x, ϕ)) denotes the Ds-vertex operator associated with v.
We also have a distinguished element 1 in V (the vacuum vector). The following
conditions are assumed for u, v ∈ V : the truncation conditions:
(6.22) unv = un− 12 v = 0 for n ∈ Z sufficiently large,
that is
(6.23) Ys(u, (x, ϕ))v ∈ V ((x))[ϕ];
next, the following vacuum property:
(6.24) Ys(1, (x, ϕ)) = idV ;
the creation property holds:
(6.25) Ys(v, (x, ϕ))1 ∈ V [[x]][ϕ] and lim
(x,ϕ)→0
Ys(v, (x, ϕ))1 = v;
and finally the Jacobi identity holds:
x−10 δ
(
x1 − x2 − s2ϕ1ϕ2
x0
)
Ys(u, (x1, ϕ1))Ys(v, (x2, ϕ2))(6.26)
−(−1)η(u)η(v)x−10 δ
(
x2 − x1 + s2ϕ1ϕ2
−x0
)
Ys(v, (x2, ϕ2))Ys(u, (x1, ϕ1))
= x−12 δ
(
x1 − x0 − s2ϕ1ϕ2
x2
)
Ys(Ys(u, (x0, ϕ1 − ϕ2))v, (x2, ϕ2)),
for u, v of homogeneous sign in V .
The N = 1 Ds-vertex superalgebra just defined is denoted by
(V, Ys(·, (x, ϕ)),1).
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Remark 6.6. The cases s = ±1 coincide with the notion of an N = 1 vertex
superalgebra in the usual sense (cf. [B3] and [HK]). In the next section we will
see that the case when s is allowed to vary over all of (
∧0
∗)
× simultaneously is also
significant for its relationship to the N = 2 Neveu-Schwarz algebra.
As with N = 2 vertex superalgebras, there are many useful consequences of the
definition. We will give just a few of the analogous consequences below which will
need later.
Taking Resx1 of the Jacobi identity and using the δ-function identity (1.33) which
still holds with the substitutions ϕ+1 = sϕ1, ϕ
−
2 = sϕ2, ϕ
−
1 = 0, and ϕ
+
2 = 0, we
obtain the following iterate formula for N = 1 Ds-vertex operators with odd formal
variables
(6.27) Ys(Ys(u, (x0, ϕ1 − ϕ2))v, (x2, ϕ2)
= Resx1
(
x−10 δ
(
x1 − x2 − s2ϕ1ϕ2
x0
)
Ys(u, (x1, ϕ1))Ys(v, (x2, ϕ2))
− (−1)η(u)η(v)x−10 δ
(
x2 − x1 + s2ϕ1ϕ2
−x0
)
Ys(v, (x2, ϕ2))Ys(u, (x1, ϕ1))
)
.
Proposition 6.7. Let (V, Ys(·, (x, ϕ)),1) be an N = 1 Ds-vertex superalgebra and
let Ds be the odd endomorphism of V defined by
(6.28) Ds(v) = 1
s
v− 321 for v ∈ V .
Then
(6.29) Ys(Dsv, (x, ϕ)) =
(
1
s
∂
∂ϕ
+ sϕ
∂
∂x
)
Ys(v, (x, ϕ)).
Furthermore, letting
(6.30) D = 1
2
[Ds,Ds] = D2s ,
we have the D-derivative property
(6.31) Ys(Dv, (x, ϕ)) = ∂
∂x
Ys(v, (x, ϕ)),
and
(6.32) D(v) = v−21.
In particular, spanV
∗
{D,Ds} satisfies the commutation relations for the Lie super-
algebra ospV
∗
(1|2)<0, and thus V is a representation for this Lie superalgebra.
Proof. Using the iterate formula (6.27), the vacuum property (6.24), Proposition
1.8 in the case ϕ+1 = sϕ1, ϕ
−
2 = sϕ2, ϕ
−
1 = 0, and ϕ
+
2 = 0, (1.33) with x0 = 0,
ϕ+1 = sϕ1, ϕ
−
2 = sϕ2, ϕ
−
1 = 0, and ϕ
+
2 = 0 (which is well-defined), and (1.36),
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again with x0 = 0, ϕ
+
1 = sϕ1, ϕ
−
2 = sϕ2, ϕ
−
1 = 0, and ϕ
+
2 = 0, we have
Ys(Dsv, (x2, ϕ2))
=
1
s
Y (v− 321, (x2, ϕ2))
=
1
s
∂
∂ϕ1
Resx0x
−1
0 Ys(Ys(v, (x0, ϕ1 − ϕ2))1, (x2, ϕ2))
∣∣∣∣
ϕ1=0
=
1
s
∂
∂ϕ1
Resx0x
−1
0 Resx1
(
x−10 δ
(
x1 − x2 − s2ϕ1ϕ2
x0
)
Ys(v, (x1, ϕ1))
− x−10 δ
(
x2 − x1 + s2ϕ1ϕ2
−x0
)
Ys(v, (x1, ϕ1))
)∣∣∣∣
ϕ1=0
=
1
s
∂
∂ϕ1
Resx1
((
(x1 − x2 − s2ϕ1ϕ2)−1
− (−x2 + x1 − s2ϕ1ϕ2)−1
)
Ys(v, (x1, ϕ1))
)∣∣∣∣
ϕ1=0
=
1
s
∂
∂ϕ1
Resx1
(
x−12 δ
(
x1 − s2ϕ1ϕ2
x2
)
Ys(v, (x1, ϕ1))
)∣∣∣∣
ϕ1=0
=
1
s
∂
∂ϕ1
Resx1
(
x−11 δ
(
x2 + s
2ϕ1ϕ2
x1
)
Ys(v, (x1, ϕ1))
)∣∣∣∣
ϕ1=0
=
1
s
∂
∂ϕ1
Resx1
(
x−11 δ
(
x2 + s
2ϕ1ϕ2
x1
)
Ys(v, (x2 + s
2ϕ1ϕ2, ϕ1))
)∣∣∣∣
ϕ1=0
=
1
s
∂
∂ϕ1
Ys(v, (x2 + s
2ϕ1ϕ2, ϕ1))
∣∣∣∣
ϕ1=0
=
1
s
∂
∂ϕ1
(
Ys(v, (x2, ϕ1)) + s
2ϕ1ϕ2
∂
∂x2
Ys(v, (x2, ϕ1))
)∣∣∣∣
ϕ1=0
=
(
1
s
∂
∂ϕ1
Ys(v, (x2, ϕ1)) + sϕ2
∂
∂x2
Ys(v, (x2, ϕ1))
)∣∣∣∣
ϕ1=0
=
∑
n∈Z
(
1
s
vn− 12x
−n−1
2 + sϕ2
∂
∂x2
vnx
−n−1
2
)
=
(
1
s
∂
∂ϕ2
+ sϕ2
∂
∂x2
)
Ys(v, (x2, ϕ2)),
proving (6.29).
To prove the D-derivative property (6.31) we note that
Ys(Dv, (x, ϕ)) = Ys((Ds)2v, (x, ϕ)) =
(
1
s
∂
∂ϕ
+ sϕ
∂
∂x
)2
Ys(v, (x, ϕ))
=
∂
∂x
Y (v, (x, ϕ)),
proving (6.31).
From the Ds-derivative property (6.29), we have
(6.33) (Dsv)n− 12 = −snvn−1,
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and thus
D(v) = D2sv =
1
s
(Dsv)− 321 =
1
s
(sv−2)1 = v−21,
proving (6.32). The fact that spanV
∗
{D,Ds} satisfy the commutation relations for
ospV
∗
(1|2)<0 is obvious. 
Remark 6.8. The Ds-derivative property (6.29) implies that the operator Ds ∈
(End V )1 corresponds to the N = 1 s-deformed superconformal operators Ds as
defined in (6.14) whereas D corresponds to the usual conformal operator ∂∂x .
From Proposition 1.9 with ϕ+0 = ϕ0, ϕ
−
0 = s
2ϕ0, ϕ
+ = ϕ and ϕ− = 0, and using
the Ds- and D-derivative properties (6.29) and (6.31), we have
Ys(e
x0D+sϕ0Dsv, (x, ϕ)) = ex0
∂
∂x+sϕ0(
1
s
∂
∂ϕ+sϕ
∂
∂x )Ys(v, (x, ϕ))(6.34)
= Ys(v, (x + x0 + s
2ϕ0ϕ, ϕ0 + ϕ)).
From the creation property and (6.34), we have
(6.35) exD+sϕDsv = Ys(v, (x, ϕ))1.
Remark 6.9. The left-hand side of the Jacobi identity (6.26) is invariant under
the transformation
(6.36) (u, v, x0, x1, x2, ϕ1, ϕ2)←→ ((−1)η(u)η(v)v, u,−x0, x2, x1, ϕ2, ϕ1).
Thus the right-hand side of the Jacobi identity must be symmetric with respect to
this also.
Proposition 6.10. (skew supersymmetry) Let V be an N = 1 Ds-vertex su-
peralgebra. Recall the operators Ds and D defined in Proposition 6.7. We have
(6.37) Y (u, (x, ϕ))v = (−1)η(u)η(v)exD+sϕDsYs(v, (−x,−ϕ))u
for u, v of homogeneous sign in V .
Proof. Using the symmetry of the left-hand side of the Jacobi identity as noted in
Remark 6.9, property (1.36) with ϕ+1 = sϕ1, ϕ
−
2 = sϕs, ϕ
−
1 = 0, and ϕ
+
2 = 0, and
(6.34), we obtain the following:
x−12 δ
(
x1 − x0 − s2ϕ1ϕ2
x2
)
Ys(Ys(u, (x0, ϕ1 − ϕ2))v, (x2, ϕ2))
= (−1)η(u)η(v)x−11 δ
(
x2 + x0 − s2ϕ2ϕ1
x1
)
Ys(Ys(v, (−x0, ϕ2 − ϕ1))u, (x1, ϕ1))
= (−1)η(u)η(v)x−11 δ
(
x2 + x0 − s2ϕ2ϕ1
x1
)
Ys(Ys(v, (−x0, ϕ2 − ϕ1))u, (x2 + x0
− s2ϕ2ϕ1, ϕ1))
= (−1)η(u)η(v)x−11 δ
(
x2 + x0 − s2ϕ2ϕ1
x1
)
Ys(e
x0D+s(ϕ1−ϕ2)DsYs(v, (−x0, ϕ2
−ϕ1))u, (x2, ϕ2)).
Taking Resx1 and using (1.33) in this setting (i.e., with ϕ
+
1 = sϕ1, ϕ
−
2 = sϕs,
ϕ−1 = 0, and ϕ
+
2 = 0), we have
(6.38) Ys(Ys(u, (x0, ϕ1 − ϕ2))v, (x2, ϕ2))
= (−1)η(u)η(v)Ys(ex0D+s(ϕ1−ϕ2)DsYs(v, (−x0, ϕ2 − ϕ1))u, (x2, ϕ2)).
76 KATRINA BARRON
Then acting on 1, taking the limit as (x2, ϕ2) goes to zero, and using the creation
property (6.25), the result follows. 
Proposition 6.11. Let V be an N = 1 Ds-vertex superalgebra and let Ds and D
be defined by (6.28) and (6.30), respectively. Then for v ∈ V we have the following
Ds- and D-bracket-derivative properties
[Ds, Ys(v, (x, ϕ))] =
(
1
s
∂
∂ϕ
− sϕ ∂
∂x
)
Ys(v, (x, ϕ))(6.39)
[D, Ys(v, (x, ϕ))] = ∂
∂x
Ys(v, (x, ϕ)),(6.40)
and the following Ds- and D-bracket properties
[Ds, Ys(v, (x, ϕ))] = Y (Dsv, (x, ϕ)) − 2sϕY (Dv, (x, ϕ))(6.41)
[D, Ys(v, (x, ϕ))] = Ys(Dv, (x, ϕ)).(6.42)
Proof. Let T = xD + sϕDs. Since (∂/∂x)T = D, we have
(6.43)
∂
∂x
eT = DeT + eT ∂
∂x
.
However since (∂/∂ϕ)T = sDs, we have that for n ∈ N,
∂
∂ϕ
T n = sDsT n−1 +
n−1∑
k=1
(
[T k, sDs]T n−1−k + sDsT n−1
)
+ T n
∂
∂ϕ
=
n−1∑
k=0
(
2ks2ϕDT k−1T n−1−k + sDsT n−1
)
+ T n
∂
∂ϕ
= n(n− 1)s2ϕDT n−2 + nsDsT n−1 + T n ∂
∂ϕ
,
and thus
(6.44)
∂
∂ϕ
eT = (s2ϕD + sDs)eT + eT ∂
∂ϕ
.
Therefore for u, v ∈ V of homogeneous sign in V , using skew supersymmetry (6.37),
equations (6.43) and (6.44), and the Ds-derivative property (6.29), we obtain(
1
s
∂
∂ϕ
− sϕ ∂
∂x
)
Ys(u, (x, ϕ))v
= (−1)η(v)η(u)
(
1
s
∂
∂ϕ
− sϕ ∂
∂x
)
exD+sϕDsYs(v, (−x,−ϕ))u
= (−1)η(v)η(u)
((
sϕD +Ds − sϕD
)
exD+sϕDsYs(v, (−x,−ϕ))u
+ exD+sϕDs
(
1
s
∂
∂ϕ
− sϕ ∂
∂x
)
Ys(v, (−x,−ϕ))u
)
= (−1)η(v)η(u)
(
DsexD+sϕDsYs(v, (−x,−ϕ))u
− exD+sϕDs
(
1
s
∂
∂(−ϕ) + s(−ϕ)
∂
∂(−x)
)
Ys(v, (−x,−ϕ))u
)
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= (−1)η(v)η(u)
(
DsexD+sϕDsYs(v, (−x,−ϕ))u − exD+sϕDsYs(Dsv, (−x,−ϕ))u
)
= DsYs(u, (x, ϕ))v − (−1)η(u)Ys(u, (x, ϕ))Dsv
= [Ds, Ys(u, (x, ϕ))] v.
Using this Ds-bracket property and the D-derivative property (6.31), we have
∂
∂x
Y (u, (x, ϕ)) = −
(
1
s
∂
∂ϕ
− sϕ ∂
∂x
)2
Ys(u, (x, ϕ))
= [Ds, [Ds, Ys(u, (x, ϕ))]]
=
1
2
[[Ds,Ds], Ys(u, (x, ϕ))]
= [D, Y (u, (x, ϕ))].
Finally (6.41) and (6.42) follow from the Ds- and D-derivative properties (6.29)
and (6.31), respectively. 
Remark 6.12. Let (V, Ys(·, (x, ϕ)),1) be an N = 1 Ds-vertex superalgebra and let
Ys(·, x) = Ys(·, (x, 0)). Proposition 6.7 implies that
(6.45) Ys(v, (x, ϕ)) = Ys(v, x) + sϕYs(Dsv, x).
This shows that if (V, Y1(·, (x, ϕ)),1) is an N = 1 vertex superalgebra in the usual
sense (i.e. satisfies Definition 6.5 with s = 1) , then (V, Y1(·, (x, sϕ)),1) is an N = 1
Ds-vertex superalgebra. In fact this implies that in making a choice as to how to
add the odd variable components to a vertex superalgebra which is a representation
of ospV
∗
(1|2)<0 one is choosing a superconformal structure Ds. Thus, on the one
hand, the choice of how one constructs the odd formal variable component of an
N = 1 vertex superalgebra determines whether it is D1-superconformal or Ds-
superconformal for s 6= ±1. On the other hand, for any given N = 1 vertex
superalgebra, one can construct a continuous one-parameter family of N = 1 Ds-
vertex superalgebras parameterized by s ∈ (∧0∗)×.
Definition 6.13. An N = 1 Ds-Neveu-Schwarz vertex operator superalgebra over∧
∗ and with odd formal variables is a
1
2Z-graded
∧
∗-module (graded by weights)
(6.46) V =
∐
n∈ 12Z
V(n)
such that
(6.47) dimV(n) <∞ for n ∈ 12Z,
(6.48) V(n) = 0 for n sufficiently negative,
equipped with an N = 1 Ds-vertex superalgebra structure (V, Ys(·, (x, ϕ)),1), and
a distinguished vector τ ∈ V 1(3/2) (the N = 1 Neveu-Schwarz element or N = 1
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Ds-superconformal element), satisfying the following conditions: the N = 1 Neveu-
Schwarz algebra relations hold:
[L(m), L(n)] = (m− n)L(m+ n)+ 1
12
(m3 −m)δm+n,0 cV ,(6.49) [
L(m), G(n+ 1/2)
]
=
(m
2
− n− 1
2
)
G(m+ n+ 1/2),(6.50)
[
G(m+ 1/2), G(n− 1/2)] = 2L(m+ n) + 1
3
(m2 +m)δm+n,0 cV ,(6.51)
for m,n ∈ Z, where
(6.52) G(n− 1/2) = τn, and 2sL(n) = τn+ 12 , for n ∈ Z
i.e.,
(6.53) Ys(τ, (x, ϕ)) =
∑
n∈Z
(
G(n+ 1/2)x−n−2 + 2sϕL(n)x−n−2
)
and cV ∈ C (the central charge); for n ∈ 12Z and v ∈ V(n)
(6.54) L(0)v = nv;
and finally the G(−1/2)-derivative property holds:
(6.55)
(
1
s
∂
∂ϕ
+ sϕ
∂
∂x
)
Ys(v, (x, ϕ)) = Ys(G(−1/2)v, (x, ϕ)).
The N = 1 Ds-Neveu-Schwarz vertex operator superalgebra with odd formal
variables is denoted by
(V, Ys(·, (x, ϕ)),1, τ).
Remark 6.14. If s = ±1, then (V, Ys(·, (x, ϕ)),1, sτ) is an N = 1 Neveu-Schwarz
vertex operator superalgebra in the usual sense as defined in [B1] (see also [B2]
and [B3]). Thus given an N = 1 Neveu-Schwarz vertex operator superalgebra
(V, Y (·, (x, ϕ)),1, τ) with odd formal variables, the one parameter family of de-
formed N = 1 vertex algebras given by the N = 1 Ds-Neveu-Schwarz vertex op-
erator superalgebras (V, Y (·, (x, sϕ)),1, τ) (see Remark 6.12) continuously deforms
between the two N = 1 Neveu-Schwarz vertex operator superalgebras for s = ±1.
If we set ϕ = 0, then for all s ∈ (∧0∗)×, we have that (V, Ys(·, (x, 0)),1, τ) is
an N = 1 Neveu-Schwarz vertex operator superalgebra without odd variables in
the usual sense as defined in [B3] (see also [B2]). Thus it makes sense to denote
Ys(·, (x, 0)) simply by Y (v, x).
Remark 6.15. As mentioned as motivation in the beginning of the section, if
(V, Y (·, (x, ϕ(1), ϕ(2))),1, µ) is an N = 2 Neveu-Schwarz vertex operator superalge-
bra with two odd formal variables in nonhomogeneous coordinates, then (V, Y (·, (x,
ϕ(1), 0)),1, τ1) and (V, Y (·, (x, 0, ϕ(2))),1, τ2) are bothN = 1 Neveu-Schwarz vertex
operator superalgebras with one odd formal variable where τ j = G(j)(−3/2)1 for
j = 1, 2, i.e. τ1 = iG(2)(−1/2)µ and τ2 = −iG(1)(−1/2)µ. In fact (V, Y (·, (x,−ϕ(1),
0)),1,−τ1) and (V, Y (·, (x, 0,−ϕ(2))),1,−τ2) are also N = 1 Neveu-Schwarz vertex
operator superalgebras. But this is simply due to the fact that if (V, Y (·, (x, ϕ)),1, τ)
is anN = 1 Neveu-Schwarz vertex operator superalgebra then so is (V, Y (·, (x,−ϕ)),
1,−τ).) That is, it is due to the action of the group of automorphisms of the
N = 1 Neveu-Schwarz algebra given by Z2. And in fact (V, Y (·, (x, ϕ)),1, τ) and
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(V, Y (·, (x,−ϕ)), 1,−τ) are isomorphic as N = 1 Neveu-Schwarz vertex opera-
tor superalgebras. Moreover, similar statement can be made about N = 1 vertex
superalgebra structures on N = 2 vertex superalgebras.
The statements in the preceding remark are certainly not new or surprising,
however as we shall see below and in the next section, there is a much deeper
connection between N = 1 Ds-Neveu-Schwarz vertex operator superalgebras and
N = 2 Neveu-Schwarz vertex operator superalgebras.
Now for j = 1, 2, define
(6.56) pi(j)Y (v, (x, ϕ(1), ϕ(2))) =
∑
n∈Z
(
vn + ϕ
(j)v
(j)
n− 12
)
x−n−1 = Y (v, (x, ϕ(j))),
and for β ∈ ∧0∗, define
s(1,1)(β) = i sinhβ s(1,2)(β) = coshβ(6.57)
s(2,1)(β) = coshβ s(2,2)(β) = −i sinhβ.(6.58)
For j, k = 1, 2, let
(6.59) Ys(j,k)(β)(·, (x, ϕ))
= pi(j)Y (·, (x, ϕ(1) coshβ + iϕ(2) sinhβ, ϕ(2) coshβ − iϕ(1) sinhβ))|ϕ(k)=0.
The following proposition follows from Lemma 5.16 and Remark 6.15:
Proposition 6.16. Let (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ) be an N = 2 Neveu-Schwarz
vertex operator superalgebra. For β ∈ ∧0∗ and j, k = 1, 2, let Ys(j,k)(β)(·, (x, ϕ)) be
defined as above. Then (V, Ys(j,k)(β)(·, (x, ϕ)),1, τ = −iG(k)(−1/2)µ) is an N = 1
Ds(j,k)(β)-Neveu-Schwarz vertex operator superalgebra.
Thus we see that the J(0) operator gives rise to continuous families of Ds-
deformed N = 1 Neveu-Schwarz vertex operator superalgebras. In the next section
we will investigate this phenomenon from another point of view, and see that it is
a reflection of the N = 1 superanalytic geometry underlying the notion of N = 2
Neveu-Schwarz vertex operator superalgebra.
Remark 6.17. Just as we have deformed the odd variable in the notion of N = 1
vertex superalgebra while maintaining the N = 1 superconformality property of
the resulting Ds operator (or equivalently maintaining the property that the re-
sulting algebraic structure of N = 1 Ds-vertex superalgebra is still naturally a
representation of ospV
∗
(1|2)<0), we could also deform the two odd variables in the
notion of N = 2 vertex superalgebra while maintaining the N = 2 superconfor-
mality property of the resulting operators which would act as deformed versions
of D(j) for j = 1, 2 (or equivalently maintaining the property that the resulting
algebraic structure which we could call an “N = 2 D
(j)
s -vertex superalgebra” is still
naturally a representation of ospV
∗
(2|2)<0). And we could extend this to include
a representation of the N = 2 Neveu-Schwarz algebra just as we did in the N = 1
case with the notion of N = 2 Ds-Neveu-Schwarz vertex operator superalgebra.
However, we do not follow this obvious extension in this paper.
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6.3. The N = 2 Neveu-Schwarz algebra arising from continuous defor-
mations of the N = 1 Neveu-Schwarz algebra. Regarding N = 1 Ds-Neveu-
Schwarz vertex operator superalgebras as continuously deformed N = 1 Neveu-
Schwarz vertex operator superalgebras, a natural question arises: Is there a (neces-
sarily) non-superconformal infinitesimal change of coordinates operator associated
to this deformation? That is, just as L0(x, ϕ) = −(x ∂∂x + ϕ2 ∂∂ϕ ) is the infinitesimal
local superconformal coordinate corresponding to a deformation
a−2L0(x,ϕ)(x, ϕ) = (a2x, aϕ)
for a ∈ (∧0∗)×, in what setting can we expect to find an infinitesimal superanalytic
coordinate ϕ ∂∂ϕ giving the deformation
sϕ
∂
∂ϕ (x, ϕ) = (x, sϕ)
for s ∈ (∧0∗)×? We will find that such an operator naturally occurs in the N = 2
superconformal setting.
To deform from an N = 1 Neveu-Schwarz vertex operator superalgebra into
an N = 1 Ds-Neveu-Schwarz vertex operator superalgebra, we need to extend
the representation of the N = 1 Neveu-Schwarz algebra in terms of infinitesimal
N = 1 superconformal local coordinates to include a term that behaves as ϕ ∂∂ϕ . By
Proposition 6.2, the superderivations Ln(x, ϕ) and Gn− 12 (x, ϕ), for n ∈ Z, given by
(6.7) and (6.8) give a representation of the N = 1 Neveu-Schwarz Lie superalgebra
with central charge zero in terms of infinitesimal superconformal transformations
in Der(
∧
∗[[x, x
−1]][ϕ]). If we let
(6.60) J0(x, ϕ) = ϕ
∂
∂ϕ
,
then
(6.61) [Lm(x, ϕ), J0(x, ϕ)] = 0,
and [
J0(x, ϕ), Gn+ 12 (x, ϕ)
]
= xn+1
(
ϕ
∂
∂x
+
∂
∂ϕ
)
(6.62)
= −iG∗n+ 12 (x, ϕ),
where we define
(6.63) G∗n− 12 (x, ϕ) = ix
n
(
∂
∂ϕ
+ ϕ
∂
∂x
)
for n ∈ Z.
We then also have that[
Lm(x, ϕ), G
∗
n+ 12
(x, ϕ)
]
= (−n+ m− 1
2
)G∗m+n+ 12 (x, ϕ),(6.64) [
J0(x, ϕ), G
∗
n+ 12
(x, ϕ)
]
= iGn+ 12 (x, ϕ),(6.65) [
G∗m+ 12 (x, ϕ), G
∗
n− 12 (x, ϕ)
]
= 2Lm+n(x, ϕ),(6.66)
[
Gm+ 12 (x, ϕ), G
∗
n− 12 (x, ϕ)
]
= −i(m− n+ 1)xm+nϕ ∂
∂ϕ
(6.67)
= −i(m− n+ 1)Jm+n(x, ϕ),
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where we define
(6.68) Jn(x, ϕ) = x
nϕ
∂
∂ϕ
for n ∈ Z.
Finally, we have that
[Jm(x, ϕ), Jn(x, ϕ)] = 0,(6.69)
[Lm(x, ϕ), Jn(x, ϕ)] = −nJm+n(x, ϕ),(6.70) [
Jm(x, ϕ), Gn+ 12 (x, ϕ)
]
= −iG∗m+n+ 12 (x, ϕ),(6.71) [
Jm(x, ϕ), G
∗
n+ 12
(x, ϕ)
]
= iGm+n+ 12 (x, ϕ).(6.72)
In conclusion, the operators Ln(x, ϕ) and Gn− 12 (x, ϕ), for n ∈ Z, given by (6.7)
and (6.8), along with J0(x, ϕ) = ϕ
∂
∂ϕ generate the basis of operators
Ln(x, ϕ) = −
(
xn+1
∂
∂x
+ (
n+ 1
2
)ϕxn
∂
∂ϕ
)
(6.73)
Jn(x, ϕ) = x
nϕ
∂
∂ϕ
(6.74)
Gn− 12 (x, ϕ) = −x
n
(
∂
∂ϕ
− ϕ ∂
∂x
)
(6.75)
G∗n− 12 (x, ϕ) = ix
n
(
∂
∂ϕ
+ ϕ
∂
∂x
)
(6.76)
which satisfy the commutation relations for the N = 2 Neveu-Schwarz algebra in
the nonhomogeneous basis (1.11)–(1.16) under the identification Ln(x, ϕ) 7→ Ln,
Jn(x, ϕ) 7→ Jn, Gn+ 12 (x, ϕ) 7→ G
(1)
n+ 12
, G∗
n+ 12
(x, ϕ) 7→ G(2)
n+ 12
, for n ∈ Z, and d 7→ 0.
Note that
G∗n− 12 (x, ϕ) = ix
n
(
∂
∂ϕ
+ ϕ
∂
∂x
)
= −xn
(
∂
∂iϕ
− iϕ ∂
∂x
)
(6.77)
= Gn− 12 (x, iϕ).
In fact, it is straightforward to show that there are exactly two extensions of
the set of operators S = {Ln(x, ϕ), Gn− 12 (x, ϕ) | n ∈ Z} with Ln(x, ϕ), and
Gn− 12 (x, ϕ) given by (6.7) and (6.8), respectively, by an even superderivation J(0) ∈
Der(
∧
∗[[x, x
−1]][ϕ]) such that S ∪ {J(0)} generate a representation of the N = 2
Neveu-Schwarz Lie superalgebra with central charge zero. These two are given
by J(0) = ±ϕ ∂∂ϕ , reflecting the Virasoro preserving automorphism of the N = 2
Neveu-Schwarz algebra given by (1.19).
Note that for n ∈ Z, we have
xn
∂
∂x
= −Ln−1(x, ϕ) − n
2
Jn−1(x, ϕ)(6.78)
xnϕ
∂
∂x
=
1
2
(
Gn− 12 (x, ϕ) − iG
∗
n− 12 (x, ϕ)
)
(6.79)
xn
∂
∂ϕ
=
1
2
(
−Gn− 12 (x, ϕ) − iG
∗
n− 12 (x, ϕ)
)
(6.80)
xnϕ
∂
∂ϕ
= Jn(x, ϕ);(6.81)
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that is the superderivations given by (6.73)–(6.76) generate Der(
∧
∗[[x, x
−1]][ϕ]).
And writing G±
n− 12
(x, ϕ) = 1√
2
(Gn− 12 (x, ϕ) ∓ iG∗n− 12 (x, ϕ)), we have that
(6.82) xnϕ
∂
∂x
=
1√
2
G+
n− 12
(x, ϕ), and xn
∂
∂ϕ
= − 1√
2
G−
n− 12
(x, ϕ).
We recall from for instance [B4] that a superanalytic function in one even variable
z ∈ ∧0∗ and one odd variable θ ∈ ∧1∗ is one that has well-defined derivatives with
respect to z and θ. This is a much less strict condition than that for superconformal-
ity which requires that the function, in addition to being superanalytic, satisfy the
much more stringent condition that it transform the operator D1 = ∂/∂θ + θ∂/∂z
homogeneously of degree one.
Proposition 6.18. There is a bijection between formal N = 1 superanalytic (not
necessarily superconformal) functions
(6.83) f(x, ϕ) = (x˜, ϕ˜) ∈ (x∧0∗[[x]]⊕ ϕx∧1∗[[x]], x∧1∗[[x]] ⊕ ϕ∧0∗[[x]]),
(that is vanishing at (x, ϕ) = (0, 0) and with even part vanishing at x = 0) which
are invertible in a neighborhood of zero, and expressions of the form
(6.84) exp
(
−
∑
n∈Z+
(
A(1)n Ln(x, ϕ) +A
(2)
n Jn(x, ϕ) +M
(1)
n− 12
G
(1)
n− 12
(x, ϕ)
+M
(2)
n− 12
G
(2)
n− 12
(x, ϕ)
))
· (a(1)0 )−2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) · (x, ϕ)
for (a
(1)
0 , a
(2)
0 ) ∈ ((
∧0
∗)
×)2/〈(−1,−1)〉, and A(j)n ∈
∧0
∗ and M
(j)
n−1/2 ∈
∧1
∗, for n ∈
Z+, and j = 1, 2 where
Ln(x, ϕ) = −
(
xn+1
∂
∂x
+ (
n+ 1
2
)xnϕ
∂
∂ϕ
)
(6.85)
Jn(x, ϕ) = x
nϕ
∂
∂ϕ
(6.86)
G
(j)
n− 12
(x, ϕ) = (−i)j+1xn
( ∂
∂ϕ
+ (−1)jϕ ∂
∂x
)
(6.87)
are superderivations in Der(
∧
∗[[x, x
−1]][ϕ]), for n ∈ Z, which give a representation
of the N = 2 Neveu-Schwarz algebra with central charge zero in the nonhomogeneous
basis; that is (6.85)–(6.87) satisfy (1.11)–(1.16) with d = 0. Similarly, there is a
bijection between formal N = 1 superanalytic functions
(6.88)
f(x, ϕ) = (x˜, ϕ˜) ∈ (x−1∧0∗[[x−1]]⊕ϕx−2∧1∗[[x−1]], x−1∧1∗[[x−1]]⊕ϕx−1∧0∗[[x−1]]),
(that is vanishing at (∞, 0) and such that x ∂∂ϕ x˜ also vanishes as x→∞) which are
invertible in a neighborhood of (∞, 0) and expressions of the form
(6.89) exp
(∑
n∈Z+
(
A(1)n L−n(x, ϕ) −A(2)n J−n(x, ϕ) + iM (1)n− 12G
(1)
−n+ 12
(x, ϕ)
+ iM
(2)
n− 12
G
(2)
−n+ 12
(x, ϕ)
))
· (a(1)0 )2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) ·
(
1
x
,
iϕ
x
)
.
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Proof. An N = 1 superanalytic function vanishing at zero, invertible in a neighbor-
hood of zero satisfying f(x, ϕ)|x=0 = (0, b0ϕ) for some b0 ∈ (
∧0
∗)
×, can be written
as f(x, ϕ) = (x˜, ϕ˜) where
x˜ = a0
(
x+
∑
n∈Z+
anx
n+1 + ϕ
∑
n∈Z+
kn− 12 x
n
)
(6.90)
ϕ˜ = b0
(∑
n∈Z+
mn− 12x
n + ϕ
(
1 +
∑
n∈Z+
bnx
n
))
,(6.91)
for a0, b0 ∈ (
∧0
∗)
× and an, bn ∈
∧0
∗ and αn, βn ∈
∧1
∗ for n ∈ Z+.
It is clear that (6.84) is superanalytic and vanishing at zero with invertible even
coefficient of x and invertible odd coefficient of ϕ. It remains to show that any
superanalytic function f(x, ϕ) = (x˜, ϕ˜) given by (6.90) and (6.91) can be expressed
as (6.84).
We first rewrite (6.84) as
(6.92) exp
(∑
n∈Z+
(
Anx
n+1 ∂
∂x
+Bnϕx
n ∂
∂ϕ
+Kn− 12ϕx
n ∂
∂x
+Mn− 12x
n ∂
∂ϕ
))
· (a(1)0 )−2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) · (x, ϕ),
where
An = A
(1)
n(6.93)
Bn =
(
n+ 1
2
)
A(1)n −A(2)n(6.94)
Kn− 12 = −(M
(1)
n− 12
+ iM
(2)
n− 12
)(6.95)
Mn− 12 = M
(1)
n− 12
− iM (2)
n− 12
.(6.96)
Then given f(x, ϕ) = (x˜, ϕ˜) of the form (6.90) and (6.91) (i.e., of the form (6.83)),
equating f with (6.92), we have the following system of equations for the unknown
quantities a
(1)
0 , a
(2)
0 ∈ ((
∧0
∗)
×)2, and An, Bn ∈
∧0
∗, Kn− 12 ,Mn− 12 ∈
∧1
∗, for n ∈ Z+,
in terms of the known quantities b0, a0 ∈ ((
∧0
∗)
×)2, and an, bn ∈
∧0
∗, kn− 12 ,mn− 12 ∈∧1
∗, for n ∈ Z+, obtained by expanding (6.92)
a0 = (a
(1)
0 )
2(6.97)
b0 = a
(1)
0 a
(2)
0(6.98)
an = An + p
(1)
n (A1, . . . , An−1, B1, . . . , Bn−1,M 12 , . . . ,Mn− 12 ,(6.99)
K 1
2
, . . . ,Kn− 12 )
bn = Bn + p
(2)
n (A1, . . . , An−1, B1, . . . , Bn−1,M 12 , . . . ,Mn− 12 ,(6.100)
K 1
2
, . . . ,Kn− 12 )
kn− 12 = Kn− 12 + q
(1)
n (A1, . . . , An−1, B1, . . . , Bn−1,M 12 , . . . ,Mn− 32 ,(6.101)
K 1
2
, . . . ,Kn− 32 )
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mn− 12 = Mn− 12 + q
(2)
n (A1, . . . , An−1, B1, . . . , Bn−1,M 12 , . . . ,Mn− 32 ,(6.102)
K 1
2
, . . . ,Kn− 32 ),
where
(6.103) p(j)n ∈
∧
∗[A1, . . . , An−1, B1, . . . , Bn−1,M 12 , . . . ,Mn− 12 ,K 12 , . . . ,Kn− 12 ]
and
(6.104) q(j)n ∈
∧
∗[A1, . . . , An−1, B1, . . . , Bn−1,M 12 , . . . ,Mn− 32 ,K 12 , . . . ,Kn− 32 ]
for j = 1, 2. Equations (6.99)–(6.102) have a unique solution found recursively by
solving for K 1
2
, M 1
2
, A1, B1, K 3
2
, M 3
2
, A2, B2, . . . . It is now clear that given an,
bn, kn− 12 , mn− 12 for n ∈ Z+, there is a unique solution for An, Bn, Kn− 12 , Mn− 12
for n ∈ Z+ and vice versa. Thus using (6.93)–(6.96), there is a unique solution for
A
(1)
n , A
(2)
n , M
(1)
n− 12
, M
(2)
n− 12
for n ∈ Z+. Next, we note that the map
((
∧0
∗)
×)2 −→ ((∧0∗)×)2/〈(−1,−1)〉
(a0, b0) 7→ (a(1)0 , a(2)0 )
given by (6.97) and (6.98) is a bijection. This proves the first statement of the
proposition. The fact that (6.85)–(6.87) give a representation of the N = 2 Neveu-
Schwarz Lie superalgebra with central charge zero is easy to check (as was done at
the beginning of this section).
Finally we prove the last statement of the proposition by noting that f(x, ϕ)
is superanalytic, invertible in a neighborhood of (∞, 0) and of the form (6.88) if
and only if f(1/x,−iϕ/x) is superanalytic invertible in a neighborhood of zero and
of the form (6.83). Thus by the first part of the proposition, f(1/x,−iϕ/x) can
be expressed uniquely as (6.84). Composing f(1/x,−iϕ/x) with (1/x, iϕ/x), one
obtains (6.84). 
Remark 6.19. We note that the case of N = 1 superanalytic functions written as
exponentials of infinitesimals giving a representation of the N = 2 Neveu-Schwarz
algebra is slightly more complicated than the case of N = 2 superconformal func-
tions written as exponentials of infinitesimals giving a representation of the N = 2
Neveu-Schwarz algebra. The reason for the added condition that the first bijection
given in Proposition 6.18 is with superanalytic functions that vanish not only at
(x, ϕ) = (0, 0) but that also have even part vanishing at x = 0 is that general
superanalytic functions vanishing at (x, ϕ) = (0, 0) are given by f1 ◦ f2(x, ϕ) where
f1(x, ϕ) = (x+ k−1/2ϕ, ϕ) for k−1/2 ∈
∧1
∗ and f2 is vanishing at (x, ϕ) = (0, 0) but
also has even part vanishing at x = 0. Since
f1(x, ϕ) = (x+ k− 12ϕ, ϕ) = e
k− 1
2
ϕ ∂∂x · (x, ϕ)(6.105)
= e
1
2k− 1
2
„
G
(1)
− 1
2
(x,ϕ)−iG(2)− 1
2
(x,ϕ)
«
· (x, ϕ).
And in the spirit of [B4] we would normally think of G
(j)
n−1/2(x, ϕ) as an infinitesimal
acting at infinity for j = 1, 2 and n ≤ 0. However, by taking out the supercon-
formality condition we need these infinitesimals acting at zero in order to get all
superanalytic functions vanishing at zero and invertible in a neighborhood of zero.
Similarly, to get all superanalytic functions vanishing at infinity and invertible in a
neighborhood of zero, we need to take f1 ◦ f2(x, ϕ) with f1(x, ϕ) = (x− ik1/2ϕx, ϕ)
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for k1/2 ∈
∧1
∗ and f2(x, ϕ) = (x˜, ϕ˜) vanishing at infinity, invertible in a neighbor-
hood of infinity and with x ∂∂ϕ x˜ also vanishing as x→∞. Note then that
f1(x, ϕ) = (x− ik 1
2
ϕx, ϕ) = e
−ik 1
2
ϕx ∂∂x · (x, ϕ)(6.106)
= e
−i 12k 1
2
„
G
(1)
1
2
(x,ϕ)−iG(2)1
2
(x,ϕ)
«
· (x, ϕ)
and
e
−i 12k 1
2
„
G
(1)
1
2
(x,ϕ)−iG(2)1
2
(x,ϕ)
«
·
( 1
x
,
iϕ
x
)
=
(
1
x
+ k 1
2
iϕ
x
,
iϕ
x
)
.(6.107)
Thus in symmetry with the case of functions vanishing at zero, the infinitesimals
G
(j)
1/2(x, ϕ) for j = 1, 2 act at infinity as well as zero.
Let SAres(1, 0) denote the set of formal N = 1 superanalytic functions vanishing
at zero and invertible in a neighborhood of zero restricted to only include those
that also have even part vanishing at x = 0. It is clear that SAres(1, 0) is a group
under composition. Again let G = (∧0∗)×)2/〈(−1,−1)〉 × (∧∞∗ )2. Define the map
(6.108) Eˆ1 : G −→ SAres(1, 0)
by
(6.109) Eˆ1(a
(1)
0 , a
(2)
0 , A
(1), A(2),M (1),M (2))
= exp
(
−
∑
n∈Z+
(
A(1)n Ln(x, ϕ) +A
(2)
n Jn(x, ϕ) +M
(1)
n− 12
G
(1)
n− 12
(x, ϕ)
+M
(2)
n− 12
G
(2)
n− 12
(x, ϕ)
))
· (a(1)0 )−2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) · (x, ϕ).
It is clear that Eˆ1 is a bijection. Let g, h ∈ G with g = (a(1)0 , a(2)0 , A(1), A(2),M (1),M (2))
and h = (b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)). We define the N = 1 composition at zero
map
◦′0 : G × G −→ G(6.110)
(g, h) 7→ g ◦′0 h
by
g ◦′0 h(6.111)
= (a
(1)
0 , a
(2)
0 , A
(1), A(2),M (1),M (2)) ◦0 (b(1)0 , b(2)0 , B(1), B(2), N (1), N (2))
= Eˆ−11
(
Eˆ1(b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)) ◦ Eˆ1(a(1)0 , a(2)0 , A(1),
A(2),M (1),M (2))
)
.
For (A(1), A(2),M (1),M (2)) ∈ (∧∞∗ )2, we will use the notation
(6.112) T ((A(1), A(2),M (1),M (2)), (x, ϕ))
= −
∑
n∈Z+
(
A(1)n Ln(x, ϕ)+A
(2)
n Jn(x, ϕ)+M
(1)
n− 12
G
(1)
n− 12
(x, ϕ)+M
(2)
n− 12
G
(2)
n− 12
(x, ϕ)
)
in analogy (but not to be confused) with (5.108).
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Proposition 6.20. Let f1(x, ϕ) = (x˜, ϕ˜) ∈ (
∧
∗((x))[ϕ])
0 ⊕ (∧∗((x))[ϕ])1, and let
f2 ∈ SAres(1, 0) be given by
(6.113) f2(x, ϕ) = e
T (A(1),A(2),M(1),M(2)),(x,ϕ)) ·(a(1)0 )−2L0(x,ϕ) ·(a(2)0 )−J0(x,ϕ) ·(x, ϕ)
for (a
(1)
0 , a
(2)
0 , A
(1), A(2),M (1),M (2)) ∈ G. Then
f1 ◦ f2(x, ϕ)(6.114)
= f1
(
eT (A
(1),A(2),M(1),M(2)),(x,ϕ)) · (a(1)0 )−2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) · (x, ϕ)
)
= eT (A
(1),A(2),M(1),M(2)),(x,ϕ)) · (a(1)0 )−2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) · f1(x, ϕ).
More generally, if f1(x, ϕ) = (x˜, ϕ˜) ∈ (
∧
∗[[x, x
−1]][ϕ])0⊕ (∧∗[[x, x−1]][ϕ])1 and the
composition f1 ◦ f2 is well-defined, then (6.114) holds.
Proof. Since T ((A(1), A(2),M (1),M (2)), (x, ϕ)) ∈ (Der(∧∗((x))[ϕ]))0 , the automor-
phism property, Proposition 3.1 of [B4] holds in this setting. Thus, in the proof of
Proposition 3.12 in [B4], we can replace TH with the more general even derivation
T ((A(1), A(2),M (1),M (2)), (x, ϕ)), and the result still follows. The final statement
follows by linearity. 
The next proposition follows from Proposition 6.20.
Proposition 6.21. The set G = (∧0∗)×)2/〈(−1,−1)〉 × (∧∞∗ )2 is a group under
the composition operation ◦′0 defined by (6.111). In fact, (G, ◦′0) is isomorphic to
the opposite group of the group of formal N = 1 superanalytic functions vanishing
at zero, invertible in a neighborhood of zero, and with even part vanishing at x = 0
under composition, i.e.,
(6.115) (G, ◦′0) ∼= (SAres(1, 0), ◦)op.
Furthermore for g, h ∈ G with g = (a(1)0 , a(2)0 , A(1), A(2),M (1),M (2)) and h =
(b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)), we have that if
(6.116) g ◦′0 h = (c(1)0 , c(2)0 , C(1), C(2), O(1), O(2))
then (c
(1)
0 , c
(2)
0 , C
(1), C(2), O(1), O(2)) ∈ G is given by
eT ((C
(1),C(2),O(1),O(2)),(x,ϕ)) · (c(1)0 )−2L0(x,ϕ) · (c(2)0 )−J0(x,ϕ)(6.117)
= eT ((A
(1),A(2),M(1),M(2)),(x,ϕ)) · (a(1)0 )−2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ)
·eT ((B(1),B(2),N(1),N(2)),(x,ϕ)) · (b(1)0 )−2L0(x,ϕ) · (b(2)0 )−J0(x,ϕ).
Similarly, letting SAres(1,∞) denote the set of formal N = 1 superanalytic
functions vanishing at infinity and invertible in a neighborhood of infinity and such
that x(∂/∂ϕ) of the even component vanishes as the even variable x goes to infinity.
Let I1(x, ϕ) = (1/x, iϕ/x). Then SAres(1,∞) is a group under the operation
(6.118) f1 ·′ f2 = f1 ◦ I−11 ◦ f2.
Again let g, h ∈ G with g = (a(1)0 , a(2)0 , A(1), A(2),M (1),M (2)) and h = (b(1)0 , b(2)0 ,
B(1), B(2), N (1), N (2)). We define the N = 1 composition at infinity map
◦′∞ : G × G −→ G(6.119)
(g, h) 7→ g ◦′∞ h
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as follows: let
(6.120) (c
(1)
0 , c
(2)
0 , C
(1),−C(2),−iO(1),−iO(2))
= Eˆ−11
(
Eˆ1(b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)) ◦ I−11 ◦ Eˆ1(a(1)0 , a(2)0 , A(1),
A(2),M (1),M (2)) ◦ I−11
)
then define
g ◦′∞ h(6.121)
= (a
(1)
0 , a
(2)
0 , A
(1), A(2),M (1),M (2)) ◦′∞ (b(1)0 , b(2)0 , B(1), B(2), N (1), N (2))
= (c
(1)
0 , c
(2)
0 , C
(1), C(2), O(1), O(2)).
Proposition 6.22. Let f1(x, ϕ) = (x˜, ϕ˜) ∈ (
∧
∗((x
−1))[ϕ])0 ⊕ (∧∗((x))[ϕ])1, and
let f2 ∈ SAres(1,∞) be given by
(6.122)
f2(x, ϕ) = e
T (A(1),−A(2),−iM(1),−iM(2)),I1(x,ϕ)) · (a(1)0 )2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) · (x, ϕ)
for (a
(1)
0 , a
(2)
0 , A
(1), A(2),M (1),M (2)) ∈ G. Then
f1 ◦ f2(x, ϕ)(6.123)
= f1
(
eT (A
(1),−A(2),−iM(1),−iM(2)),I1(x,ϕ)) · (a(1)0 )2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) · (x, ϕ)
)
= eT (A
(1),−A(2),−iM(1),−iM(2)),I1(x,ϕ)) · (a(1)0 )2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ) · f1(x, ϕ).
More generally, if f1(x, ϕ) = (x˜, ϕ˜) ∈ (
∧
∗[[x, x
−1]][ϕ])0⊕ (∧∗[[x, x−1]][ϕ])1 and the
composition f1 ◦ f2 is well-defined, then (6.123) holds.
Proof. Since T ((A(1),−A(2),−iM (1),−iM (2)), I1(x, ϕ)) ∈ (Der(
∧
∗((x
−1))[ϕ]))0, the
automorphism property, Proposition 3.1 of [B4] holds in this setting. Thus, in
the proof of Proposition 3.20 in [B4], we can replace T¯ with the more general
T ((A(1),−A(2),−iM (1),−iM (2)), I1(x, ϕ)), and the result still follows. The final,
statement follows by linearity. 
The next proposition follows from Proposition 6.22.
Proposition 6.23. The set G = (∧0∗)×)2/〈(−1,−1)〉 × (∧∞∗ )2 is a group under
the composition operation ◦′∞ defined by (6.121). In fact, (G, ◦′∞) is isomorphic to
the opposite group of the group of formal N = 1 superanalytic functions vanish-
ing at infinity and invertible in a neighborhood of infinity and such that x(∂/∂ϕ)
of the even component vanishes as the even variable x goes to infinity under the
composition (6.118), i.e.
(6.124) (G, ◦′∞) ∼= (SAres(1,∞), ·′)op.
Furthermore for g, h ∈ G with g = (a(1)0 , a(2)0 , A(1), A(2),M (1),M (2)) and h =
(b
(1)
0 , b
(2)
0 , B
(1), B(2), N (1), N (2)), we have that if
(6.125) g ◦′∞ h = (c(1)0 , c(2)0 , C(1), C(2), O(1), O(2))
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then (c
(1)
0 , c
(2)
0 , C
(1), C(2), O(1), O(2)) ∈ G is given by
eT ((C
(1),−C(2),−iO(1),−iO(2)),I1(x,ϕ)) · (c(1)0 )2L0(x,ϕ) · (c(2)0 )−J0(x,ϕ)(6.126)
= eT ((A
(1),−A(2),−iM(1),−iM(2)),I1(x,ϕ)) · (a(1)0 )2L0(x,ϕ) · (a(2)0 )−J0(x,ϕ)
·eT ((B(1),−B(2),−iN(1),−iN(2)),I1(x,ϕ)) · (b(1)0 )2L0(x,ϕ) · (b(2)0 )−J0(x,ϕ).
Comparing Propositions 5.19 and 6.21, and comparing Propositions 5.20 and
6.23, we have the following theorem:
Theorem 6.24. The groups (G, ◦0) and (G, ◦′0) are isomorphic and thus the groups
(SC(2, 0), ◦) and (SAres(1, 0), ◦) are isomorphic. Similarly, the groups (G, ◦∞) and
(G, ◦′∞) are isomorphic and thus the groups (SC(2,∞), ·) and (SAres(1,∞), ·′) are
isomorphic.
That is to say, the group of N = 2 superconformal functions vanishing at zero
and invertible in a neighborhood of zero is isomorphic to the group of N = 1 su-
peranalytic functions vanishing at zero and invertible in a neighborhood of zero and
with even component vanishing when the even variable is set equal to zero.
Similarly, the group of N = 2 superconformal functions vanishing at infinity
and invertible in a neighborhood of infinity is isomorphic to the group of N = 1
superanalytic functions vanishing at infinity and invertible in a neighborhood of
infinity and with x(∂/∂ϕ) of the even component vanishing when the even variable
approaches infinity.
Remark 6.25. It is important to note that we do not use the transformation used
in for instance [DRS] to achieve a reduction from N = 2 superconformal functions
to N = 1 superanalytic functions. The transformation used in [DRS] and [He] is
the nonsuperconformal change of variables
(6.127) x˜ = x− i
2
ϕ(1)ϕ(2) = x+
1
2
ϕ+ϕ−, and ϕ˜(j) = ϕ(j), for j = 1, 2,
which results in the following infinitesimals
Ln(x˜, ϕ˜
(1), ϕ˜(2)) = Ln(x, ϕ
(1), ϕ(2))(6.128)
Jn(x˜, ϕ˜
(1), ϕ˜(2)) = Jn(x, ϕ
(1), ϕ(2))(6.129)
G
(1)
n− 12
(x˜, ϕ˜(1), ϕ˜(2)) = G
(1)
n− 12
(x, ϕ(1), ϕ(2))− i
2
(
xnϕ(2)
∂
∂x
(6.130)
−nxn−1ϕ(1)ϕ(2) ∂
∂ϕ(1)
)
G
(2)
n− 12
(x˜, ϕ˜(1), ϕ˜(2)) = G
(2)
n− 12
(x, ϕ(1), ϕ(2)) +
i
2
(
xnϕ(1)
∂
∂x
(6.131)
+nxn−1ϕ(1)ϕ(2)
∂
∂ϕ(2)
)
,
using the notation (5.98)–(5.101). Instead, we achieve a correspondence between the
N = 2 superconformal and N = 1 superanalytic settings by continuously deforming
the odd variable in the N = 1 superconformal setting, i.e using the transformation
ϕ 7→ sϕ for s ∈ (∧0)×. Thus we give another way of looking at the supergeometric
phenomenon studied in [DRS]. That is Proposition 6.18 shows that the N = 2
superconformal geometry is equivalent to N = 1 superanalytic geometry, but we
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use a different means to prove this through the notion of continuously deformed
N = 1 superconformality, namely Ds-superconformality.
6.4. N = 2 (Neveu-Schwarz) vertex (operator) superalgebras with one
odd formal variable. From the previous section, we see that the infinitesimal
N = 1 superanalytic transformations give a representation of the N = 2 Neveu-
Schwarz Lie algebra just as the infinitesimal N = 2 superconformal transformations
do. This motivates the following notions of N = 2 vertex superalgebra with one
odd formal variable and N = 2 Neveu-Schwarz vertex operator superalgebra with
one odd formal variable.
Definition 6.26. An N = 2 vertex superalgebra over
∧
∗ and with one odd formal
variable consists of an N = 1 vertex superalgebra (V, Y (·, ϕ),1) such that in ad-
dition to D1 ∈ (End V )1 given by Proposition 6.7 (which we will denote by D(1),
that is D(1)v = v−3/21), there exists D(2) ∈ (End V )1 such that
(6.132)
[D(j),D(k)] = 2δj,kD,
and such that in addition to the D(1)-bracket relation
(6.133)
[D(1), Y (v, (x, ϕ))] = Y (D(1)v, (x, ϕ)) − 2ϕY (Dv, (x, ϕ))
arising naturally from the N = 1 vertex superalgebra structure (see Proposition
6.11), we have that the D(2)-bracket relation holds:
(6.134)
[D(2), Y (v, (x, ϕ))] = Y (D(2)v, (x, ϕ)).
The N = 2 vertex superalgebra with one odd formal variable just defined is
denoted by
(V, Y (·, (x, ϕ)),1,D(1),D(2)).
Remark 6.27. An N = 2 vertex superalgebra with one odd formal variables is a
representation of ospV
∗
(2|2)<0. This representation is given by D(j) 7→ G(j)−1/2, for
j = 1, 2, and D 7→ L−1; see Remark 1.5.
As a consequence of the definition, if V is an N = 2 vertex superalgebra with
one odd formal variable, from (6.45) and the fact that V is an N = 2 vertex
superalgebra, letting Y (v, x) = Y (v, (x, 0)), we have that
(6.135) Y (v, (x, ϕ)) = Y (v, x) + ϕY (D(1)v, x).
Definition 6.28. An N = 2 Neveu-Schwarz vertex operator superalgebra over
∧
∗
and with one odd formal variable is a 12Z-graded
∧
∗-module (graded by weights)
(6.136) V =
∐
n∈ 12Z
V(n)
such that
(6.137) dimV(n) <∞ for n ∈ 12Z,
(6.138) V(n) = 0 for n sufficiently negative,
equipped with anN = 2 vertex superalgebra structure (V, Y (·, (x, ϕ)),1,D(1),D(2)),
and two distinguished vectors τ j ∈ V 1(3/2) (the τ j N = 2 Neveu-Schwarz elements or
τ j N = 2 superconformal elements), satisfying the following conditions: the N = 2
Neveu-Schwarz algebra relations in the nonhomogeneous basis (1.11)–(1.16) hold
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for L(n), J(n) ∈ (End V )0 and G(j)(n+ 1/2) ∈ (End V )1, for n ∈ Z, j = 1, 2, and
cV ∈ C (the central charge), where
(6.139) G(j)(n− 1/2) = τ jn, for j = 1, 2
(6.140) 2L(n) = τ1n+ 12
, and i(n+ 1)J(n) = τ2n+ 12
,
for n ∈ Z, i.e.,
Y (τ1, (x, ϕ)) =
∑
n∈Z
(
G(1)(n+ 1/2) + 2ϕL(n)
)
x−n−2(6.141)
Y (τ2, (x, ϕ)) =
∑
n∈Z
(
G(2)(n+ 1/2) + i(n+ 1)ϕJ(n)
)
x−n−2,(6.142)
and
(6.143) G(j)(−1/2) = D(j), for j = 1, 2;
for n ∈ 12Z and v ∈ V(n)
(6.144) L(0)v = nv
and in addition, V(n) is the direct sum of eigenspaces for J(0) such that if v ∈ V(n)
is also an eigenvector for J(0) with eigenvalue k, i.e., if
(6.145) J(0)v = kv, then k ≡ 2n mod 2.
An N = 2 Neveu-Schwarz vertex operator superalgebra with one odd formal
variable is denoted by
(V, Y (·, (x, ϕ)),1, τ1, τ2).
Note that in particular, (6.143) implies that the G(−1/2)-derivative property
holds:
(6.146)
(
∂
∂ϕ
+ ϕ
∂
∂x
)
Y (v, (x, ϕ)) = Y (G(1)(−1/2)v, (x, ϕ)),
and thus the L(−1)-derivative property also holds:
(6.147)
∂
∂x
Y (v, (x, ϕ)) = Y (L(−1)v, (x, ϕ)).
6.5. Isomorphism between the categories of N = 2 (Neveu-Schwarz) ver-
tex (operator) superalgebras with one odd formal variable and without
odd formal variables. The following proposition is immediate:
Proposition 6.29. Let (V, Y (·, (x, ϕ)),1,D(1),D(2)) be an N = 2 vertex superal-
gebra with one odd formal variable. Then (V, Y (·, (x, 0)),1,D(1),D(2)) is an N = 2
vertex superalgebra without odd formal variables in the nonhomogeneous coordinate
system. That is setting D± = 1√
2
(D(1) ∓ iD(2)), then (V, Y (·, (x, 0)),1,D+,D−)
is an N = 2 vertex superalgebra without odd formal variables in the homogeneous
coordinate system.
Let (V, Y (·, (x, ϕ)),1, τ1, τ2) be an N = 2 Neveu-Schwarz vertex operator super-
algebra with one odd formal variable. Then (V, Y (·, (x, 0)),1, τ1, τ2) is an N = 2
Neveu-Schwarz vertex operator superalgebra without odd formal variables in the
nonhomogeneous coordinate system. That is setting τ (±) = 1√
2
(τ1 ∓ iτ2), then
(V, Y (·, (x, 0)),1, τ (+), τ (−)) is an N = 2 Neveu-Schwarz vertex operator superalge-
bra without odd formal variables in the homogeneous coordinate system.
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On the other hand we have:
Proposition 6.30. Let (V, Y (·, (x, ϕ(1), ϕ(2))),1) be an N = 2 vertex superalgebra
with two odd formal variables in the nonhomogeneous coordinate system. Then
letting D(j) be defined by (5.22), we have that (V, Y (·, (x, ϕ(1), 0)),1,D(1),D(2)) is
an N = 2 vertex superalgebra with one odd formal variable.
Let (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ) be an N = 2 Neveu-Schwarz vertex operator
superalgebra with two odd formal variables in the nonhomogeneous coordinate sys-
tem. Then letting τ1 = −iG(2)(−1/2)µ and τ2 = −iG(1)(−1/2)µ, we have that
(V, Y (·, (x, ϕ(1), 0)),1, τ1, τ2) is an N = 2 Neveu-Schwarz vertex operator superal-
gebra with one odd formal variable.
Proof. Setting the odd variable ϕ(2) equal to zero in the axioms for an N = 2 vertex
superalgebra (V, Y (·, (x, ϕ(1), ϕ(2))),1), it is clear that (V, Y (·, (x, ϕ(1), 0)),1,D(1),
D(2)) satisfies all of the axioms for an N = 2 vertex superalgebra with one odd
formal variable except for the axioms involving D(j), for j = 1, 2. The remaining
axioms (6.132) and (6.134) follow from consequences (5.27) and (5.35) of the defini-
tion of N = 2 nonhomogeneous vertex superalgebra with two odd formal variables.
Similarly, it is trivial that (V, Y (·, (x, ϕ(1), 0)),1, τ1, τ2) satisfies axioms (6.136)–
(6.138), (6.144) and (6.145). By the proof above, V is an N = 2 vertex superalgebra
with one odd formal variable. Axioms (6.139)–(6.143) follow from consequences of
the definition of an N = 2 Neveu-Schwarz vertex operator superalgebra with two
odd formal variables which show that the vertex operators for τ1 and τ2 are given
by (5.75) and (5.76), respectively, and that by (5.70) G(j)(−1/2) = D(j). 
Let VSA2(ϕ
(1), ϕ(2)) denote the category ofN = 2 vertex superalgebras with two
odd formal variables in the nonhomogeneous coordinate system, and let VSA2(ϕ)
denote the category of N = 2 vertex superalgebras with one odd formal variable.
Let VOSA2(ϕ
(1), ϕ(2), c) denote the category ofN = 2 Neveu-Schwarz vertex opera-
tor superalgebras with two odd formal variables in the nonhomogeneous coordinate
system and with central charge c ∈ C, and let VOSA2(ϕ, c) denote the category of
N = 2 Neveu-Schwarz vertex operator superalgebras with one odd formal variable
and with central charge c ∈ C. Also recall the notation from the end of Section 4.3.
We have the following theorem:
Theorem 6.31. The categories VSA2(ϕ
+, ϕ−), VSA2(ϕ(1), ϕ(2)), VSA2(ϕ), and
VSA2 are all isomorphic to each other. In addition, for any c ∈ C, the subcat-
egories VOSA2(ϕ
+, ϕ−, c), VOSA2(ϕ(1), ϕ(2), c), VOSA2(ϕ, c) and VOSA2(c) are
all isomorphic to each other.
Proof. Define Fϕ=0 : VSA2(ϕ) −→ VSA2 by
Fϕ=0 : (V, Y (·, (x, ϕ)),1,D(1),D(2)) 7→ (V, Y (·, (x, 0)),1,D+,D−)
γ 7→ γ
for (V, Y (·, (x, ϕ)),1,D(1),D(2)) an object in VSA2(ϕ) and γ a morphism, where
D± = 1√
2
(D(1)∓iD(2)). Proposition 6.29 shows that Fϕ=0 takes objects in VSA2(ϕ)
to objects in VSA2. It is clear that Fϕ=0 takes morphisms to morphisms and that
Fϕ=0 is a functor. Moreover, Proposition 6.29 implies that Fϕ=0 restricted to
VOSA2(ϕ, c) gives a functor from VOSA2(ϕ, c) to VOSA2(c).
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Define Fϕ(2)=0 : VSA2(ϕ
(1), ϕ(2)) −→ VSA2(ϕ) by
Fϕ(2)=0 : (V, Y (·, (x, ϕ(1), ϕ(2))),1) 7→ (V, Y (·, (x, ϕ(1), 0)),1,D(1),D(2)),
γ 7→ γ
where D(j), for j = 1, 2 are defined by (5.22). Proposition 6.30 shows that Fϕ(2)=0
takes objects in VSA2(ϕ
(1), ϕ(2)) to objects in VSA2(ϕ). It is easy to show that
Fϕ(2)=0 takes morphisms to morphisms and is a functor. Moreover, Proposition
6.30 implies that Fϕ(2)=0 restricted to VOSA2(ϕ
(1), ϕ(2), c) gives a functor from
VOSA2(ϕ
(1), ϕ(2), c) to VOSA2(ϕ, c) via
Fϕ(2)=0 : (V, Y (·, (x, ϕ(1), ϕ(2))),1, µ) 7→ (V, Y (·, (x, ϕ)),1, τ1, τ2),
where τ1 = −iG(2)(−1/2)µ and τ2 = −iG(1)(−1/2)µ.
Let F±7→(1,2) : VSA2(ϕ+, ϕ−) −→ VSA2(ϕ(1), ϕ(2)) be the functor given by the
change of coordinates from homogeneous to nonhomogeneous.
Finally, let Fϕ : VSA2 → VSA2(ϕ) be given by Fϕ = Fϕ(2)=0 ◦F±7→(1,2) ◦Fϕ+,ϕ− .
It is easy to show that Fϕ=0 ◦ Fϕ = 1VSA2 . By (4.27), (5.42) and (6.135), we have
that Fϕ ◦Fϕ=0 = 1VSA2(ϕ). It is then obvious that the corresponding restrictions of
Fϕ=0 and Fϕ to the subcategories of N = 2 Neveu-Schwarz vertex operator superal-
gebras with one odd formal variable and without odd formal variables, respectively,
satisfy Fϕ=0 ◦ Fϕ = 1VOSA2(c) and Fϕ ◦ Fϕ=0 = 1VOSA2(ϕ,c). By Theorem 4.12 the
result follows. 
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